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SOME CONSIDERATIONS IN DETERMINING THE REQUIRED EARNINGS RATE* 


By Roger A. Golde 
Atlantic Research Corporation 
and 
Gustav E. Grisard 
Avia Oil Company 


In this paper we shall discuss the required earnings rate 


with two main objectives in mind: 


(1) To consider, explicitly, certain factors which have been 
talked about implicitly, or not at all, in current 
approaches to the required earnings rate; 


(2) To suggest quantitative methods of handling some factors 
which up to now have been handled only qualitatively, if 


at all. 
We do not view this paper as an exhaustive treatment of the 
required earnings rate. Rather, we have singled out a few 


aspects which we hope will be worth thinking about. 


RISK, THE COST OF CAPITAL, AND INVESTMENT DECISIONS 


The existence of interest results from the forces of supply 
of and demand for the use of funds. In essence, a business 
wants to invest because the use of durable equipment makes it 
possible to obtain more than one unit of future production for 
every unit of present-day production sacrificed. People demand 
a return for lending money, for several reasons. First of all, 
they react to the law of diminishing marginal utility: "If you 
plan to consume too much in the future, and too little today, the 
future dollars will have so little utility that even getting 


more of them will not compensate for the further loss of present- 


*This paper was prepared for Professor Robert N. Anthony's 
Seminar in Return on Investment, at the Harvard School of 
Business Administration. It expresses only the conclusions and 
opinions of the authors and does not represent the views of the 
school. 
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day high--marginal-utility dollars.” The other important reason 


for demanding a return is that the risk of the future causes a 
subjective preferences for the present. 
WHAT IS RiSK? 


We attempt to define risk as we believe the term is used by 


most businessmen who do not explicitiy think of risk as involving 


expected walue, utility, and probability. Risk is thought of as 
a relationship between the predicted return of a project and the 
rough average of the re ens from the project which might reason- 
ably be expected to oceur. In general, the concept of risk in- 
volves an emphasis on the chances that a project will return less 
than the predicted value, with only sliigh* attention to the chances 
it will earn more than the predicted value. Such an emphasis is 
entirely natural, since, in most cases, earning less than predicted 
has more important consequences than unexpectedly earning more 
than predicted. Thus. in thinking about a project's riskiness, 
we tend to concentrate more on the unfavorable outcomes. We will 
be more aware of the types of occurrences producing unfavorable 
outcomes, and we will tend to weigh them mere heavily in the rough 
averaging proc?2ss. 

Here is the way the process of risk evaluation might work 
in a specific situation. We predict a stream of earnings at $250 
annually for five years. We know that the project may not produce 
this amount. We are concerned that the project may produce less 
than this amount, but we also realize the project may produce more 
than $250 per year. We take a rough average of these values 
above and below $250. weighting the lower figures more heavily, 
and come out with a figure of $175-$200. Another project with 
the same investment is also predicted to yield $250. Our rough 


mental average of the other alternative outcomes of the project 


lpaul A. Samuelson: Economics. Second Edition. McGraw-Hill 


Book Co., Inc., 1957. P. 637. 
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yields a fig of $100-$150. The second project is riskier 
than the first. Probably in most cases a judgment is made about 
risk with even less than the above degree of quantification. 

For instance, the rough averages of outcomes, other than the 
predicted one, may not even be thought of cardinally, but only 


ordinally; i.e.,. in terms of their relative magnitude. 


RISK AND THE COST OF CAPITAL 


To some degree. the average cost of capital depends on a 
judgment cy the financier as to the risk of the investments for 
which he is providing the funds. The risk of an investment is 
closely reiated to the nature of the project. We feel that the 
following classifications may be useful in categorizing the 
nature of an investment: 

(1) The purpose of the asset being invested in (e.g.,. 

replacement, expansion, diversification). 


(2) The functional area in which the asset will be 
used fe.g., production, purchasing, marketing). 


(3) The industry in which the asset is used. 


(4) The type of asset being invested in (e.g., land, 
buildings, machinery, working capital). 


These various areas give a clue to evaluating the two main 
risk factors of an investment: the earnings risk, and the 
The value of an asset, as collateral, in some 


on the asset's ability to generate earnings, 


inasmuch as the resale value of an asset depends upon its ability 


to produce earnings for the purchaser. But the earnings that an 
asset would produce es such, and the earnings it can produce in 
a specific corporate setting, are cften quite different. For 
this reason, lenders look with varying emphases upon the two 
factors cf earnings risk and collateral risk. For instance, 
holders of unsecured debentures look primarily to the flow of 
earnings to be produced by a given asset, or even the cash flow 
ef the whole firm. The supplier of mortgage debt, however, is 
less concerned about the earnings risk, to the extent that he 


considers the mortgaged property to be good collateral. 
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OF CAPITAL 


to look at each project individually. 
capital structure for the specific 
to determine the ideal capital 
a whole, compute the true cost of 
t., and compare it with the rate of return 
the p C (This "project" approach is different from 
what generé y cailed the "marginal cost ef capital" approach, 
in which a machine financed through a 4% loar is only expected 


>h a preject approach would be enormously com- 


Tne appro at 2nd of the spectrim is to have 
one over-all averag : capital, which 1s applied to all 
projects whether or they have the same degree of risk. It is 
clear that the use of one average is much simpler than a strict 
project approach t the gain in simplicity causes a loss in 
ACCUrASV, an 3 an over-all average sometimes results 
in an erroneovs dacision In other words, some projects return 
less than the average : capital, but their true cost is 
still less their rat C return; thus they would be profit- 
able investments. 

Now, if a project approach is too complex, and an average 
approach is tos inaccurate, why not pick a compromise which op- 
timizes the simplicity and accuracy factors? That is, why not 
use multipie costs of capital, one for each type or class of in- 
vestments with roughly similar risks? There may be a secondary 
benefit fromw using several costs, as opposed to one over-all 
average c : * capital. A firm's sources of financing, and thus 
its cost of capital, change over time. Using one aggregate 
average may make it difficult, conceptually, for management to 
determine changes in financing patterns. The use of several 
classes cf investment would make it somewhat easier to follow 
the dynamic pattern of financing costs. 

Conceptually, then, a company could be thought of as a con- 


solidation cf a number of smaller companies. These smaller 


"companies" undertake projects which group themselves closely 
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around one combination of the categories outlined on page 3. 

In other words, a miniature "company" makes investments, all of 
which have similar risk elements. For every risk class, we then 
determine an ideal capital structure which has ‘an associated 
cost of capital. 

To illustrate the procedure, we will examine a hypothetical 
integrated oil company. In the process of determining the 
divisionai carnings rates for the production, refining, and 
marketing divisions, top management finds the following in- 
formation: petroleum producers typically finance their operations 
with roughly 20% debt and 80% equity: for independent refiners, 


the usual debt-equity ratio is 40:60; and for petroleum marketers, 


the debt-equity ratio is about 69:40. Assume that all of these 


people pay about 2% after taxes for their debt, and figure that 


equity costs them 22%. (In a more realistic situation, not only 
would the proportions differ but also the costs of the different 
types of financing.) On the basis of these assumptions, the firm 
would calculate the cost of capital for the three divisions as 


follows: 


Weizhted Cost 


Marketing 


60% debt at 2% cost 
40% equity at 22% cost 


Total 


Refining 


40% debt at 2% cost 
60% equity at 22% ccst 


Total 
Production 


20% debt at 2% cost 
80% equity at 22% cost 


Total 18.0% 


Continuing the example, it may be that the marketing di- 
vision finds the use of the 10% average rate not appropriate for 
all projects, since 50% of its investments is in bulk plants and 


50% in relatively unrisky service stations. Service stations 
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have about 50% of their investment in land, 25% in buildings, and 
25% in other equipment. Because of this they can be financed 


largely through mortgages. For example: 


70% debt at a cost of 2% - 1.4% 
30% equity at a cost of 22% - 6.6 


Total 8.0% 


Bulk piants, on the other hand, have a higher proportion of the 
total investment in depreciable equipment, and a lower proportion 


in land. They need, therefore, a higher percentage of equity. 


For example: 


45% debt at a cost of 2% - 0.9% 
55% equity at a cost of 22% - 12.1 


Total 13.0% 


The weighted average of the costs of capital, for specific 
classes of investment, will be equal to the average cost of 
capital. There is one difficulty, however; the whole (i.e., an 
integrated company) is less risky than the sum of the risk of its 
parts. The rate attached to an investment class should be ad- 
justed, therefore, to allow for the effect of the remainder of 
the firm's activities on this particular investment class. An 
idea of the magnitude of such adjustments can be determined by 
first computing the cost of capital for each investment class, 
individually, and then taking a weighted average for the firm 
a whole. This weighted average can be compared to a lender's 
opinion of what the proportions of financing would be for the 
whole concern. The difference must be made up by adjustments to 
various individual investment sectors and must necessarily in- 
volve approximation. 

Let us go back to our example of the integrated oil company, 
and consolidate the three functional areas to derive a cost of 
capital for the firm as a whole. Let us suppose that 80% of 


the firm's investments are in production; 10% in refining; and 


10% in marketing. The company debt-equity ratio is then 26:74. 
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The calculations below show the weighted average cost of capital 
to be 16.8% for the whole firm. 


% of Weighted 
Division Investments % of Debt %-of-Debt 


Marketing 10 6 
Refining 10 4 
Production 80 16 


Total 100 26 


Weighted 
%*-of -Equity 


Marketing 
Refining 
Produstion 


Total 


company as a whole then has: 
debt at a cost of 2% 
74% equity at a cost of 22% 
Total 


or 


of firm in marketing has cost of 19.0% 
of firm in refining has cost of 14.0% 
ef firm in production has cost of 18.0%= 


Total 


RELATIONSHIP OF THE COST OF CAPITAL 
TO THE REQUIRED EARNINGS RATE 
The usual theoretical economic approach uses the cost of 
capital as the required earnings rate. Briefly, the argument 
for this is that no income advantage would accrue to the present 
stockholders from a new investment, unless the net additional 


income exceeded the costs incurred for financing the project. 


Use of a required earnings rate, not lower than the cost of cap- 


ital, is said to guarantee that no disadvantage to the present 
stockholders would result from the investment. We agree that 


the cost of capital certainly represents a minimum rate of return, 
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10% 1.4 
80% 14.4 
16.8% 


below which projects should ordinarily not be accepted. We be- 
lieve, however, that the relevant minimum return for an invest- 
ment project is usually somewhat greater than the cost of capital. 
In this section of our paper we develop the two following reasons 
for settins the required earnings rate above the cost of capital: 


low-income-bearing investments and the management bottleneck. 


LOW-INCOME-BEARING INVESTMENTS 


In many firms a significant proportion of investments are 
made in projects where the calculable monetary rate of return is 
far below the cost of capital. For instance, investments in a 
new administration building, or a restaurant for workers, may be 
essential. Most of the benefits from these projects, however, 
are of an intangible long-run nature. Very rarely does management 
try to impute a monetary value to the benefits of such investments 
and then calculate a rate of return which shows that the project 
is justified. Rather, the tendency of management is to include, 
unconsciously, the benefits of low-income-bearing investments 
in computing the rate of return from more tangible investment 
projects. For example, part of the savings attributed to a new 
machine may be dependent on an increased rate of sales, which is 
in turn due to the increased prestige and efficiency resulting 
from the new administration building. 

We do not wish to suggest a new way of deciding whether or 
not to accept low-income-bearing projects. We assume that firms 
will continue to decide about projects in the intuitive way they 
now use. But assuming that the firm does invest in such projects, 
we should like to point out the effect of such investments on 
the rate of return on investment, for the firm as a whole. 

Suppose that all ordinary investments are accepted to produce a 


return at least equal to the cost of capital, which is, say, 15%. 


Now the low-income-bearing investments are returning much less 


than 15%. Thus the rate of return on the total funds of the firm 
will be something less than the cost of capital. 
Our task is to make some sort of adjustment so that the firm 


will earn at least the cost of capital over all of its invested 


i 
: 
: 
| 
| | | 
: 
; 
: 
fad 
J 
by 
; 
7 
| : 
Picts 
= 
pA. 
: 
— ; q 


funds. This problem should not be confused with windfall gains, 
or losses on investment; i.e., situations in which investments 
return more or less than the amount expected at the time of the 
decision to invest. Low-income-bearing projects are accepted 
with full knowledge that the calculable monetary return is less 
than the cost of capital. Sometimes a firm may appear to have 
returns that do not come from any investment. Such returns, 
however, can be classified with the other windfall items and do 
not change the adjustment needed due to low-income-bearing 
investments. 


One way to make the adjustment for low-income-bearing 


investments would be to alert the executive to the problem and 
then insist that every project be’ justified on the basis of 
monetary return. To a project such as a new administration 
building, it would then be necessary to impute a monetary return. 
Estimating the monetary worth of intangible returns, however, 

is extremely difficult. Furthermore, these intangible returns 


would then have to be excluded from the calculation of return on 


ordinary investments, such as a new machine. Many investments 
are complementary, and the effect of one investment on the re- 
turns of another is not always considered. The point is that 

the basic character of a low-income-bearing investment is that 

it produces tangible returns for other investments in the firm. 
Rather than ask the executive to take account of low-income- 


bearing investments by changing the way he calculates earnings, 


we feel it would be simpler to make an adjustment in the required 
earnings rate. A method for determining the approximate adjust- 
ment is given in the appendix. The necessary adjustment can be 
quite substantial. For the case described in the appendix, in 


order to earn 10% on all funds invested, it was necessary to re- 


quire a rate of 25% on those projects for which a monetary rate 


of return was calculated. 


This adjustment for low-income-bearing investment could 


also be utilized in handling certain aspects of determining the 


required rate of return for a division which makes use of certain 


headquarters' investments. For example, the company management 
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wants to earn at least 10% on all its invested funds. It dis- 
covers, however, that headquarters’ investments in buildings, 
equipment, etc., make up 15% of the total funds invested in the 
business. Then the company would want to make an adjustment in 
the required earnings rate set for this division, so that the 
funds invested by the division should now earn a minimum of 25%, 


as calculated by the method of the appendix. 


THE MANAGEMENT BOTTLENECK 


If a firm is short of funds, then, clearly, the cost of 
capital is important. If there is a shortage of investment 
opportunities at attractive returns, then again the cost of funds 
will be crucial in deciding the investment program of the firm. 
In many companies, however, at the level of present investment 
programs, there is neither a shortage of funds nor a lack of 
attractive investment opportunities. It is worth noting that 
the above situation may help explain why so many firms are able 
to obtain a sizable return on investment without the use of a 
refined investment-decision rule. 

Why doesn't such a firm continue investing until it exhausts 
either the money supply or the investment opportunities? The 
answer seems to lie in the sphere of management. The executives 
of a firm have a limited capacity to make decisions and handle 
investment projects, after their inception. It is this management 
factor which often proves to be the relevant constraint. But 
why does a firm not go out and hire more management? It may be 
that the necessary management talent cannot be found, or that 
too high a price must be paid for it. In the latter case, the 
cost of extra management could somehow be included in the cost 
of the investment, before computing a return, but an equitable 
allocation might be extremely difficult. 

A simpler way to take the management bottieneck into con- 


sideration is to set the required earnings rate above the cost 


of capital, at a level which, over time, will allow a quantity 


of projects to be undertaken that will just use the available 


amount of management time and attention. Such a required earnings 
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rate can be conceived as a weighted average, which differs from 
the cost of capital only insofar as the "rate assigned to the 


equity portion" is somewhat higher than the "cost of equity 


capital", e.g.: 


Cost of capital: Debt 50% x 2% = 1% 
Equity 50% x 14% = 7% 

Average cost of 
capital 8% 


The required earnings rate, as determined by the "management 


bottleneck" of 15%, can be conceived as follows: 


Debt 50% x 2% 1% 
Equity 50% x y% = 0.5y% 
15% 


Average 


y = required rate on equity = 28% 


The reguired rate on equity, calculated in this fashion, can be 


used very simply to find the specific required earnings rates, 


Siven the average required rate. The only change which has to 
be made is that the required rate on equity (e.g., 28%) is sub- 
stituted for the cost of equity capital (e.g., 14%). This will 
differentiate the required rates for specific investment classes, 
and guarantee at the same time that the weighted average of the 
specific required rate is equal to the average required rate. 

The procedure just outlined assumes that the different 
classes of investment, as determined by the risk factors, all 
use the same amount of management time and attention. Only be- 
cause of this assumption were we justified to use the same 
required rate on equity, to determine the specific required 
earnings rates. 

It may be useful to develop an index of "use of management" 
required by various types of investment. Such a "use of 
management" factor should then be reflected, somehow, in the re- 
quired rate on equity for specific projects. In general, the 
principle would be that the more management used in a particular 


project, the higher the rate should be. Certainly, management 
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work load should always be considered as an intangible quali- 
tative factor in appraising a proposed investment. In practice, 
projects with similar risks may in fact require a similar amount 
of management’s time, and greater risk may also mean more need 
for management to devote its time to a project. Such a correla- 
tion would facilitate the practical application of the proposed 


method. 


APPENDIX 


A Method for Adjusting the Required Earnings Rate 
To Allow for Low-Income-Earning Investments 


the proportion of investment funds which on the 
average will be devoted to low-income-producing 
projects. 


the average economic life of low-income-bearing 
investments. 


the rate of return the firm desires to earn over 
all its investments. 


the average rate of return earned on low-income- 
bearing projects. 


the adjusted rate of return which will be used in 
place of "R" in order that over all investments 
the rate of return will truly be "R". 


1 
factor in table of present value for a rate of 
return "R" and an economic life "n". 


factor in table of present value for a rate of 
return "r" and an economic life "n". 


factor in table of present value for a rate of 
return "X" and an economic life "n". 


It can be shown that 


R,n x (i-p) 


(Pon x P) 


r,n 


The proof is given at the end of this Appendix. 


Lsuch a table gives the present value of $1 received per 


for "n" years at interest "R". 


; 
ge 

we! 
Let 
n= 
rs 
4 
F = 
655 Ryn 
F 
F 7 = bs 
F x F 
F 
n 
; 
year 


Using such an approach requires that a firm be able to 
estimate the quantities p, n, R, and r; and these quantities 


must in actuality tend to fluctuate closely around some average 


figure over the long run. It should be pointed out that,in all 


situations, rum can be considered as the quotient of an invest- 
ment figure divided by a net earnings figure. This earnings 
figure can be negative or even zero. The meaning of a zero rate 
of return is that,over the life of the investment, only the 
capital is recovered through earnings. If the project does not 
even earn enough to recoup the capital, then, clearly, the re- 
turn is negative: i.e., there is a net outflow of funds. 

The present form of the table of present value employed 


(Table C in Robert N. Anthony's Management Accounting, 1956, 
y g 


p.- 497) does not give factors for rates of return between zero 
and 1% (at 0% return the factor is infinite). Such an expansion 
of the table might be called for in specific instances. For 
negative rates of return the factor is the factor for the corre- 
sponding rate of positive return multipled by -l. 

The difference between "R" and "X" can be very sizable. 
Suppose a firm desires to earn over all a rate of 10%. The firm 
finds that 15% of its funds are invested in low-income-bearing 
projects which have an average economic life of 5 years and which 


produce a negative rate of return of 1%. In this case, 


15% 
5 years 
10% 
-1% 
= the adjusted rate of return we are 
so using the table of present value we find 
F = 3.96 


R,n 
r,n 


_ (-4.88 x 3.96) (1-.15) _ -16.43 
X,n ~-4.88 - (3.96 x .15) -5.47 
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Therefore. 


25% 


The difference between 25% and 10%, as a rate of return to be 


demanded on those projects where the rate of return is calculated, 


is significant. 


PROOF FOR VALUE OF F 
X,n 


In addition to the symbols defined above, let 


the total amount of funds invested by the firm 

the amount of funds invested in low-income-bearing 
projects 

the amount of funds invested in income-bearing 
projects 


the net earnings needed on all investments to 
provide a return of R per year 


the net earnings produced by the low-income part of 
investment projects. 


ron 

{1l-p)I 

-S_ 


Substituting the walues for S, and S_ from equations (1) and (2) 


in equation (3) we have 


(l-p)I 


By cancelling out the I factor in the numerator and denominator, 


vs 
— 3 ° 00 
X,n 
+ 
and 
: 
; 
Now, 
(3) Fy = 
? 
X,n 
I Ip 
Fr F 
ryn 


and simplifying the resulting fraction we have 


(1-p) 


It should be noted that this proof assumes constant annual 
earnings over the life of the investments. 
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THE ESTIMATED ECONOMIC LIFE OF AN INVESTMENT UNDER UNCERTAINTY* 


By John H. McArthur 
Harvard University 


The purpose of this paper is to explore certain problems 
surrounding the most commonly followed business practices, with 
respect to the estimated economic life of an investment proposal. 
Two distinct kinds of investment projects will be discussed -- 
one involving a decision as to what the economic life should be, 
and another revolving around what the economic life will be. 
Also, it will be demonstrated that it is not possible to obtain 
a correct present value of an investment with an uncertain life 
by substitution of the expected life, in a present value formula, 
as a certainty equivalent. This latter problem arises by virtue 
of the fact that the present values of prospective payments, 
received in years beyond the expected life, are not as large as 
the present values of the nearer-term payments, received below 
the expected life. Thus it takes a disproportionate number of 
projects on the "over" side to offset projects on the "under" 


side. 


Since the estimate of the economic life of a project can, 


in many situations, have a very large effect on the estimated 
return on investment, it would be desirable to have a means of 
correcting the bias outlined above. Several ways of handling 


this problem are outlined in the following paragraphs. 


THE CONCEPT OF ECONOMIC LIFE 


Before actually discussing the problems surrounding the use 


of an estimated economic life, I would like to define what I 


*This paper was prepared for Professor Robert N. Anthony's 
Seminar in Return on Investment, at the Harvard School of 
Business Administration. It expresses only the conclusions and 
opinions of the author and does not represent the views of the 
school. 
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mean by the term “economic life". The "life" of an asset 


defined in at least three ways,- as follows: 


(1) Physical life 
(2) Technological life 
(3) Product-market life 


Each of these categories is more or less self-explanatory. In 
investment decisions, the economic life is the relevant life and 
is the shortest of these three types of life. 

The estimate of the economic life of a proposal is of key 
importance in two different kinds of return-on-investment 
problems. In one type of problem, involving equipment of 
diminishing efficiency, the central question is to decide how 
long the particular piece of equipment should be kept in use. 
The other type of problems concerns either constant-efficiency 
equipment (e.g., light bulbs), or equipment subject to the 
forces of obsolescence, where the question to be decided is how 
long this equipment will last or remain economic. Examples of 
each of these problem types follow: 

First, consider the following problem,“ where the question 
to be answered is, "How often should our trucks be replaced?" 
The following forecasts regarding truck costs and values were 


made, and taxes were ignored. 


Trade-in Value 
Year Operating Expense of Truck 


$2,100 $3,900 
2,600 3,000 
3,400 2,300 
3,700 1,700 
3,900 1,200 
4,500 800 
4 500 


lRobert N. Anthony: Management Accounting. Richard D. Irwin, 
Inc., 1956. P. 402. 


2Reproduced from the American Management Association, Special 
Report No. 1, Tested Approaches to Capital Equipment Replacement, 
1954, pp. 34-43. 
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Trade-in Value 
Operating Expenses of Truck 


$5,000 $ 300 
5,100 200 
5,300 
55500 0 
54700 


of truck is $6,000. 


Operating expenses and losses in market value of the truck, for 
varying periods of time, were discounted to present worth, at an 
assumed cost of capital of 20%. In order to put the answers, 

for varying periods of time, on an average annual basis, the dis- 
counted values have been divided by discounted years. From 

Exhibit it can be seen that the lowest cost is experienced, 

or the highest return on investment, when the truck is replaced 
after five years. 

Thus, in the case of a durable good of the diminishing- 
efficiency type. such as the truck, the lifetime of such a product, 
provided parts of it are repaired or replaced from time to time, 
can be extended almost indefinitely. The wearing out of the 
product expresses itself in the decline of its productivity, as 
it sets older, and/or in the increase in repair and maintenance 


costs required to keep it up to a certain level of productivity. 


In other words, the economic lifetime is, in most cases, shorter 


than the technical lifetime, since the latter can often be ex- 
tended almost indefinitely, through adequate repairs. There is, 
then, even under static assumptions, a problem of how long it 
pays to go on extencing the life of a given durable good of this 
type -- a problem which the businessman must solve before he can 
choose among alternatives. 

While I do not want to get very far into the economics of 
projects such as can be characterized by the case of the truck, 
it might be useful for us to consider, briefly, some other as- 
pects of this type of problem. Problems of the kind illustrated 
above are indeed the simplest kind to handle, for, in that case, 


it was implicitly assumed that the firm operated only the one 
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EXHIBIT I 
Calculation of the Optimum Economic Life 


Cash Net Present Discounted Average 
Flow 20% Discount Factor Value Years* Cost 


$6,000 0O 1.0000 


) 
2,100 O-1 yr. - 9063 $ 4,710 -9063 $5,197 
(3,900) 1 yr. later -8187 ) 


2,600 1-2 yrs. ~7421 
(32000) 2 yrs. later .6703 7,821 1.6484 4,745 


10,636 2.2559 4,715 


3,700 04974 ) 
(13700) 12,974 2.7533 4,712 


3,900 yrs. ~4072 14,885 


(1,200) rg. later .3679 3.1605 4,710 


4 yrs. 
( B00) 6 yrs. later .3012 16,585 _3.4939 4,747 


*Sum of approprjate years' factors. 


Source: American Management Association, op. cit. 


machine at a time, and that there was no staggering of machines 
of different ages. In addition, it was also assumed that the 
investor's horizon was confined to the lifetime of the single 
machine which he considered, in isolation from the future course 
of events after its scrapping; that is, he took no account of 
the machine, or machines, that will replace it. A more complex, 
and certainly more realistic, case, is that in which it is 
assumed that the businessman's horizon extends over a finite 
chain of machines, i.e., that he plans the introduction of a 
machine which is to be replaced a finite number of times, by one 
of identically the same type. And, if the machine chain consists 
of more than two machines, the optimum lifetime of each machine, 


in the chain, will be longer than the optimum lifetime of the 
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one preceding it, for the earlier in the chain the machine is, 


‘a 


the higher will be the present value of the remaining future cash 


inflows. There is also the case of a synchronized” process, 


where, even more realistically. it is assumed that the firm has 


a stock of machines of various ages, or where the businessman 


envisages investing in a number of cooperating chains of machines 


~~ chains which are stasgered as to starting dates. 


here are complex mathematical approaches to each of these 


situations, but, in essence, each is but a modification of our 


original example concerning the truck. The problem, in all 
these cases. is to determine the optimum economic life of existing 
or proposed assets, of the diminishing-efficiency type. 

For the constant-efficiency type of durable goods, there is 
no economic problem connected with the lifetime of a given durable 
good. Assets in this category remain in use until, for technical 
reasons, they cease to function entirely. (It is perhaps useful 
for the reader to keep in mind the case of a light bulb, which 
is a good example of a constant-efficiency item.) A specialized 
case of the constant-~efficiency type of problem is that surround- 
ing special-purpose producers’ goods (e.g., special automatic 
equipment, or automobile dies), whose continuing usefulness de- 
pends upon their derived demand from the sale of automobiles. In 
these instances, the equipment in question is often used for such 
a short period of time that, for all practical purposes, it is 
analogous to, and can be treated as if it belonged in, the con- 


stant-efficiency classification. And in all these cases of the 


constant-efficiency type, the principal problem, as regards the 


capital-budgeting process. is estimating what the economic life 


of these projects will be. This is in clear contrast to the case 


of the diminishing-efficiency type, where the problem was to es~ 


tablish the optimum economic life, rather than to estimate how 


sPriedrich A. Lutz: The Theory of Investment of the Firm. 
Princeton University Press, 1951. P. 132. 
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long the process or equipment in question would be usable by the 
firm. 

Undoubtedly, the reader is already convinced that the 
estimate of the economic life of a constant-efficiency project 
is a necessary and important aspect of the return-on-investment 
analysis. The following paragraphs will outline just how im- 
portant it is, and, as well, why the commonly used methods, of 
estimating and incorporating the economic life forecasts into the 
return-on-investment analysis, are adequate. 

Both the difficulty and the importance of obtaining accurate 
estimates, of the economic lives of proposed capital expenditures, 


are discussed in the literature. Joel Dean comments as follows: 


eee The hard problem is to estimate the probable 
economic life of the new equipment which is essentially 
a guess as to when it ... will become obsolete. This 
obsolescence guess lies at the heart of the replacement 
decision, even though most budgeting methods ignore it. 


--- Guessing the most probable economic life of the 
candidate equipment has wider error margins when the 
replacement stems from technical progress rather than 
aging. Hence more care must be given to projecting 
future life expectancies. 


Terborgh makes a somewhat similar statement, saying, "Remember, 
you are playing probabilities, and any deviation from the most 
probable estimate is likely to cost money . 

These comments are quite typical of those found in most of 
the material that has been published to date. The authors con- 
cede the importance of the estimated economic life on the over- 


all return-on-investment analysis, and it is important to note 


that they are usually thinking in terms of "the" most probable 
life. 


Dean: Managerial Economics. Prentice-Hall, Iinc., 195l. 


Page 605. 


IGeorge Terborgh: Business Investment Policy. Machinery and 


Allied Products Institute, 1958. P. 117. 
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THE PROBABILITY APPROACH 


Let us first of all take a look at how this estimated 
economic life is arrived at. Other than outright guessing, 
perhaps one of the most obvious, and indeed widely used, methods 
of estimating economic life is to rely on past experience with 
Similar projects. Many companies keep detailed records of the 
costs and performance of their various assets. In addition to 
these sources of information, there exists a considerable body 
of information that has been published or else is available from 
equipment manufacturers. But there are major disadvantages to 
the use of this kind of "objective" information. Past records 
will fail to indicate the effects of future technological change. 
Also, another major problem, with respect to the use of records 
on past performance, is that the attained age of old assets, at 
the time of their retirement, may simply reflect past errors in 
equipment (or other) policy. In short, past records have to be 


used with care. 


There will be other projects for which little or no objective 


statistical information is available. In all cases, in any event, 
the assignment of the probability pattern of expected life must 
depend upon the decision maker's personal judgment. The values 
he assigns should reflect a complete summation of his reaction 
to all of the objective information before him, as well as his 
subjective summation of his expectations for the future. Clearly, 
there can be no single "correct" assignment in these circumstances. 
Two investors or decision makers may look at the same set of 
"objective" data, and, because each can and must bring many sub- 
jective factors to bear on the decision, their probability 
assignments may differ substantially. While one or the other, 
or both, may prove (after the fact) to have been in@ror, neither 
could have done better,at the time the decision had to be made, 
than to act on the basis of the expected value of his own fre- 
quency distribution of probabilities. 

What this last statement means is that the most probable 
value (i.e., mode) is not the correct value to use. Those 


writers who recommend that the most probable economic life be 
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used, in the investment analysis, are incorrect. Perhaps this 
can best be illustrated by reference to definitions. The mode 
is, as has been pointed out above, simply that value in a series 
of variables which occurs most often -- hence, the most probable 


value. The arithmetic mean, which is the value that should be 


used (although it, too, needs to be modified as outlined below), 


is the weighted average of the variables. The following example 


shows this distinction: 


Relative 
Years Frequency Product 
ol 


Thus, in this case, the most probable or modal value is 2, while 
the average or mean value is 2.8. What this indicates is that, 
over the long run, the actual value will average 2.8 years -- 

or in probabilistic terms, that the expected value of this par- 
ticular distribution is 2.8 years and not 2.0 years. 

But even where the estimate does properly compute the 
expected economic life, it will be shown that such an approach 
to the return-on-investment problem is theoretically not correct, 
and that, in some kinds of problems, the use of an expected 
value (i.e., expected economic life) will lead to the wrong 


decision. The following quotation introduces this problem: 


When the equipment's estimated useful life is 
short, then premature obsolescence may have a far more 
radical effect on the actual return achieved than when 
the estimated useful life is long. Consider what can 
happen to two projects, one with an estimated life of 
ten years, the other with an estimated life of five years, 
both promising to yield a 20% return over their respective 
estimated lives: 

Suppose the actual life turns out to be one-fifth 
less than estimated in each case; that is, turns out to 
be eight years for the one and four years for the other? 
eoe On such a basis [time-adjusted return on investment 
the rate of return on the long-lived asset drops from 
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20% to 17%, but on the short~lived asset from 20% to 
only 9%. 

Suppose the useful life turns out to be one-fifth 
more than estimates ~~ coming, say, to twelve years 
and six years respectively. The rate of return on the 
long-lived equipment increases to 22%, but on the short- 
lived equipment to 25% -- -.e Because the difference 


number of projects on the "over" side to offset projects 
on the "under" side. 


Exhibit II shows these differences graphically, while Exhibit 
III shows the same sort of effect in a more generalized fashion. 


It is apparent, from Exhitit III, that,the shorter the life and 


the lower the discount rate, the greater is the danger of running 


into the kind of problem that is outlined above, as regards the 
present-walue effect. However, as can be seen from Exhibit III, 
once the present-value effect becomes (or approximates) a linear 
function, it can be disregarded in relation to its effect on the 
life of the project. In short, so long as both time and present 
value of income or savings flows are expanding linearly, the 
problem outlined in Niland's article can be safely disregarded. 

There are a number of ways to determine the size of the error 
introduced, in any particular case, through the use of an expected 
economic life in the return-on-investment calculation. Several 
of these will be outlined below. 

In most cases, the easiest and most direct approach to this 
problem is to work with the full probability distribution of possible 
economic lives. Problems 1(b) and 2(b), in the appendix, demonstrate 
this line of attack. Comparison of the (b) solutions to the (a) 
solutions of each of these problems shows quite clearly the impor- 
tance of the greater accuracy possible in the case of the (b) solu- 


tions For, assuming that a decision has been made to accept each of 


Powell Niland: "Investing in Special Automatic Equipment", 
Harvard Business Review, Vol. 35, No. 6, Nov.-Dec. 1957, pe 75 
(italics added). 
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Exhibit III 


Graph Showing the Present Value of $1/12 Received 
Monthly for “N” Years at Various Discount Rates* 


0% 
PRESENT VALUE 4\ 


OF $1/12 MONTHLY 


20 7 


10 
*See Table C, Anthony, 
op. cit., p. 497. YEARS 
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these projects on the basis of an (a)-type analysis, we can see 
that the firm would not, in fact, be able to meet its required 
earnings rate on either project. 

It is also worth noting, as we would have suspected on the 
basis of our analysis of Exhibit III, that the relative size 
and importance of the error, in the case of Problem 2, is less 
than in the case of Problem 1. Since the life pattern of this 
project was skewed to the right, the expected life did not cut 
off as much of the right tail as was the case in Problem 1, 
where there was a left skew. 

It is not always necessary to use the approach just outlined, 
in order to get a theoretically correct solution to the return- 
on-investment problem. Formulas have been developed by a number 
of people, to handle just this problem. The particular formulas 
outlined herein were developed by Charles J. Christensen.’ These 
formulas will produce exactly the same results (assuming the same 
assumptions are built in) as are produced by using the full 
probability distributions as shown in Problems 1(b) and 2(b). 

These formulas have been developed for processes whose 


economic lives are distributed according to both normal and 


en distributions. Both of these theoretical distributions 
will be discussed below. The following notation will be used 


(further notation will be introduced later): 


Qo initial earnings of investment 
r required earnings rate 
(1+r)7* discount factor for annual compounding 


9"Ft discount factor for continuous compounding 


Let us first of all consider projects whose life patterns 


can be represented by gamma-type processes (e.g., see Exhibit IV). 


“Charles J. Christensen, "Present Value of an Investment with 
Uncertain Life", and "The Single Investment Decision under 
Uncertainty Concerning Life", Harvard University, 1957, unpublished 
papers. 


see Exhibit IV. 
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The theoretical gamma distribution is actually a whole family of 
distributions defined by a and B. The shape of the distribution 
is defined ty &~ and the horizontal scale by B. The mode of the 
distribution is always at B(«~-1), and the meanat oB. The 


parameters & and B are determined as follows: 


= mean 
variance 


Given the mode M, the following formula can then be used to get 
the present value of any stream of payments whose probable life 


is distributed according to a gamma process: 


(1 + Mr/a 


Mr/ja 1 


The quantity in brackets turns out to be, on an annualized basis, 
the present value of an annuity of $1 for &% years at 
1O00(M/a -1)r%. In cases where earnings on the investment are 


declining over time, the formula may also be used where: 


and "i" is the desired rate of return, and "g" is the rate of 
earnings decline. 

Investments having a normally distributed life pattern, and 
having an expected life of "u" years and a standard deviation of 


O years, are described as follows: 


o 2.72) | 


r 


— 


This is simply the present value at continuous compounding at 
100r% of an investment having a life of (u- o 2/2) years. In 
this case, therefore, we have an explicit expression for the 
amount by which the life estimate should be shortened to take 


account of uncertainty. 


Problem 3 (Appendix) shows Problem 1 as it is solved by the 


use of this formula. Each of the steps involved is shown. It 
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will be noticed that the answers calculated for Problems 1(b) 
and 3 are almost the same. Theoretically they should be equal. 
and in this case a number of things come to mind as possible 
contributors to this discrepancy. First, there are a number of 
rounding errors. Secondly, and perhaps more importantiy, the 
distribution of the data used is not really a gamma distribu- 
tion, because the author had to adjust the probabilities in order 


whole numbers for the expected values of the distributions. 


PRACTICAL MODIFICATIONS 


We have seen that it is not possible to obtain a correct 
present value, of an investment with an uncertain life. by sub- 
stitution of the expected life as a certainty equivalent ina 
present-value formula. This problem arises by virtue of the 
fact that the present values of prospective payments. received 
in years beyond the expected life, are not as large as the 
present values of the nearer-term payments received below the 
expected life. Thus it takes a disproportionate number of pro- 
jects on the "over" side to offset projects on the “under” side. 


Two methods of handling this type of problem were suggested: 


(1) the use of the full probability distribution, and (2) the 


formulas. Examination of the merits of each of these approaches 
reveals that each of these alternative ways of handling the 
problem of uncertain life patterns has major defects, with 
respect to their practical walue to businessmen. The formula 
approach seems much too difficult and theoretical for use by 
businessmen. Also, in the case of existing formulas. it must 

be noted that these apply only to gamma- and normal-type 
distributions (an assumption which may or may not be a useful 
kind to have to make, depending of course on the specific facts 
in each situation). It is also true that the formulas cannot 

be incorporated into the profitability index, but rather that 
they refer only to the time-adjusted-return method. The 
probabilistic approach is, on the other hand, completely general, 
and will give the "correct" answer under all circumstances. Once 


again, however, it is felt that this approach is also tos 
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complex to warrant an expectation of its adoption by business- 
men. 

With these defects in mind, it would seem useful to be 
able to express these theoretical results in some sort of 
rule-of-thumb form. Seweral such approaches will now be 
suggested. 


From Exhibit III it cam be seen that, for various combina- 


tions of the higher discount rates and longer expected lives, 


there is no practical problem involved in using an expected 
economic life in the return-on-investment calculation. This is 
so because the present walue of the dollars involved becomes al- 
most negligible, so that the effect of using the wrong number of 
years. in the return-on-investment calculation, will be fairly 
small over a relatively wide range of years. It can be seen on 
Exhibit III that all combinations to the right of line ab fall 
into this category Thus, a chart such as Exhibit III might 
provide an easy way to block out the areas where the businessman 
could afford to disregard the present-value effect of estimating 
the wrong expected life. 

The use of the median or modal value as a rule of thumb 
does tend to correct the expected value, in the case of the 
left-skewed distribution, and, by virtue of its simplicity, seems 
to recommend itself as being a useful sort of adjustment. It is 
felt by the writer. however, that this approach is entirely toc 
unreliable, since it takes no account of the discount rate's 
being used, or of the size of the mean, median, and modal values. 
Clearly, these are factors that have a very important effect on 
the adjustment that is required. 

Christensen must also have recognized the limitations of 
his formula approach, as regards the volume of calculations in- 
volved in each solution. He suggests a rule-of-thumb applica- 
tion of the formula approach. This shortened approach is 
summarized by the graph shown as Exhibit V. This graph is 
simply the ratio R of expected present value to present value 
under certainty. If the life of the investment yielding $Q per 


year were known with certainty to be "u" years, its present 


] 


value would be $Q(i-e ")/r If the same investment had a gamma- 


distributed lafe, with an expected life of "u" years, its expected 


present value would te $Q j1 - (1 + ru/z)~ | /r. The ratio R can 


thus be expressed as follows. 


(1 + ru/a 


-ru 
l1-e 


Ris plotted as a function of u for various values of & and r in 
Exhibit V. There are a number of ways of expressing this kind 
of information in a usable form. One way would be to solve R 
for a range of discount rates for each value of ao. If this was 


done, the businessman would have only to solwe for a 
mean® 

variance 
multiply the R times the present value of future incomes as de- 


(a = ), read off the ocrrect "R" factor. and finally to 
termined from an estimated economic life. Similar relationships 
can be determined for normally distributed data. 

Finally, I shall outline a shortened rule-of-thumb approach 
that would enable the businessman to work with an adjusted econo- 
mic life, in conjunction with the profitability index analysis. 

The elements of this rule-of-thumb approach are really quite 
simple The businessman has to make two judgments: first. he 
must estimate the most probable life (i.e., mode), and, secondly, 
he must decide what the shape of the distribution of the proba- 
bilities of the life pattern cf the project will be (as, for 
example. between the three general curves shown in Exhibit VI). 
Having made these judgments, he can then turn to a table of ad- 
justed economic lives, and read off a “corrected” value of the 
economic life of the project called the "adjusted economic 
life" in this paper. 

For instance, turning to Exhibit VII, Part A. and assuming 
a modal value of 4 years. a required earnings rate of 8%, a left- 
skewed distribution of possible economic lives, and a constant 
earnings pattern, the profitability index should be computed on 
the basis of 5.5 years and not 4 years. Exhibit VII, Part B, 


shows similar adjusted values assuming an 8-year modal value and 
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a declining earnings pattern. 

These summary figures were derived in the manner outlined 
below. Prior to explaining the calculations, however, it is 
important to point out that my objective is to illustrate a 
method or system for calculating a useful set of adjusted values. 
It is not essential, therefore, that the reader necessarily 
agree with the shape of the curves or the rates of discount 
used in this illustration. 

Exhibit VI shows three different kinds of life patterns. 
The user might pick one of these (or any other) general shapes, 
and with the modal value proceed directly to Exhibit VII, to 
read off an adjusted value. 

In order to conserve space, the detailed calculations 
supporting Exhibit VII have been excluded, ” but the basic steps 


involved are: 


(1) Determination of the relative frequencies or 
probabilities for the three curves, assuming 
modal values of 4 and 8 years, respectively. 


(2) Next, the cumulated products of these proba- 
bilities, times their presentevalue factors, 
are computed (at an assumed required earnings 
rate of 8%). In order to derive the adjusted 
economic lives shown in Exhibit VII, one takes 
these final cumulated products (which turned 
out to be 4.419, 3.247, and 2.891 in this 
example) and looks them up in a table of 
cumulated present values under the 8% discount 
factor -- the adjusted life being the number 
of years, in the "years" column of the present- 
value table, that is in the same row as the 
cumulated product. 


While this proposed "short-cut" involves a consicerable 
volume of calculations, I do not think it represents an insur- 


mountable task -- especially if the calculations could be run 


off on a computer. The firm would only have to calculate adjusted 


The interested reader can check these calculations in Papers 
on Return on Investment, edited by Robert N. Anthony, Division 
of Case Reproduction and Distribution, Harvard Business School, 
1959, pp- 119-146. 
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Exhibit V 


Graph Showing Value of the Ratio “R” for Various 
Combinations of and Expected Life 
and Given Interest Rate “r” 
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Exhibit VI 


Chart Showing Three 
Theoretical Life Patterns 
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Exhibit VII 


Charts Showing Adjusted Economic Lives Under 
Assumptions of Constant and Declining Earnings 


A. Constant Earnings Assumption 


Adjusted Economic Life* 
Modal Curve Type 
Value 2 . 3 


B. Declining Earnings Assumption 


Adjusted Economic Life* 
Modal Curve Type 
Value No, 1 No, 2 No, 3 


*Rounded to nearest half-year. 
**The reader should note that the adjusted value equals the modal value 
in this case because of the facts involved in this specific situation. 
This is not generally true in the case of normally distributed data and 
depends in each case upon the combined effects of the required earnings 
rate, modal value, and rounding errors. 
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values at its required earnings rate (or rates), for a limited 
number of modal values (the reader will recall that, between 

19 and 15 years, the present-value effect becomes negligible, 
particularly so at the higher discount rates) and for each of 
the general curve types that it thought relevant to its own 
operations. Once the adjusted values had been calculated, any-~ 
one in the firm could use them in exactly the same way they would 
have used the modal values (tables could also be based on 


medians) in computing the profitability index. 


APPENDIX 


Tliustrative Problems 


Problem 1 


Net investment $3,313 
Operative savings $1,000 per year 
Expected economic life 4 years 
Required earnings rate 10% 
(a) On the basis of these facts, we would determine the 
present value of this stream of savings, assuming a 4-year life 


and a 10% required earnings rate ~- which in this case equals 


$3,313.7° Since this is equal to the required net investment, we 


would presumably take the project. 


(b) Suggested solution: the correct way to handle this 


problem is outlined below. This approach assigns the proper 
weights to the value of every probable inflow. It can be seen, 
from this analysis, that the expected value of this savings stream 
is really only $3,160 and not $3,313. Thus, if the firm's required 
earnings rate were 10%, they would lose money on this project, if 


they went ahead with it on the basis of their initial calculations. 


10 ata obtained from a table where monthly increments earn 
simple interest until the end of each year and that entire amount 
is discounted annually. 
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Life of Probability That Expected 
Project Project Will Fail Economic Present Value ~ J Expected Value 
(Yrs.) at End of Year Life of $1,000* Pd=d _ of Savings 


$ 950 1.00 $ 950 
15 -30 864 821 
035 1.05 785 -80 628 
-80 714 321 
05 225 649 225 162 
-30 589 118 
05 235 537 81 
05 487 10 49 
443 05 22 
-20 403 8 


ON DU FUDD 


= 


$6,421 $3,160 


*Data obtained from a table where monthly increments earn simple 
interest until the end of each year and that entire amount is dis- 
counted annually. 


**IT.e., approximately 4 years. 


Net investment $5,088 
Operating savings $1,000 per year 
Expected economic life 7 years 
Required earnings rate 10% 


(a) When calculated in the same manner as Problem l(a), the 
present value of this stream of savings is equal to the net invest- 
ment of $5,088, so that the project would, all other things con- 


Sidered, be accepted. 


(b) The correct way of handling this problem is outlined below. 
It can be seen that the margin of error, in this problem, is not as 
large as was the case in Problem 1. This is true because of the 
smaller present-value effect over the longer "economic life" (i.e., 


the curve is skewed to the right). 
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Life of Probability That Expected 
Project Project Will Fail Economic Present Value ~7 Expected Value 
(Yrs.) at End of Year Life of $1,000* Pd2d of Savings 


-O1 $ 950 1.00 $ 950 
864 99 855 

015 785 96 754 

714 650 

225 649 86 558 

-60 589 477 

1.40 537 yp 381 

2.80 487 248 

443 16 71 

403 20 


6.96%* $6,421 $4,964 


~ 


*Data obtained from a table where monthly increments earn simple 
interest until the end of each year and that entire amount is dis- 
counted annually. 


**IT.e., approximately 7 years. 


Problem 3 


Formula soiution of a process having a gamma-type distribu- 


tion of possible lives -- Problem 1 (above) is now solved by the 
formula. MQ 


1- (1 + 
(cm .1) Mr/a - 1 


2 
_ mean 
~ variance 


where @ 


Step l: Determination of variance where x = 3.97 years 


(1) (2) (3) (4) 
(Yrs. ) Probability That 
Life of Process Will Fail 


Project (d-x) (a-x)* at End of Year 


~2.97 8.82 
-1.97 3.88 
- 97 94 
203 -00 -20 
1.03 1.06 205 
2.03 4.12 
3.03 9.18 
4.03 16.24 -05 
5.03 25.30 
6.03 36.36 -02 


1.00 


= 


(Variance = 4.37) 
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Determination of @& 


mean 
variance 


2 
(3-97) 3.6 
4.37 


M 
Determination of | 


where M is the mode 
3.00 


~ 3.60 - 1.00 ~ 


1 - (1 + a"? 
Mr/a - 1 . 


Determination of 


Expression in 
brackets = present value of $1 fora years dis- 
counted on an annual basis, at 


M 
100 
mode 
annug 1 savings 
mean 
variance 


MQ 1-(1 + Mr/o - 


Therefore: fe) 
a -1l 


3.00 (1,000) 
3.60-1.00 


2.748 = $3,175 


Summary: The formula says that the present value of the 
future stream of savings is $3,175. This compares to 
the $3,160 indicated in Problem 1(b) and $3,313 in 
Problem l(a). The formula and the Problem 1(b) 
approach, theoretically, give the same answer -- and 
the difference in this case is due to rounding off, etc., 
as explained in the body of the report. 
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"THE MANAGEMENT OF CORPORATE CAPITAL" * 
A Review Article 


By 


Richard B. Maffei 
Massachusetts Institute of Technology 


There are very few areas in managerial economics that 
require more theoretical attention than the field of capital 
budgeting. While it is true that many practical problems of 
measurement and implementation loom large, it is also true that 
there is a strong possibility that difficulties would evaporate 
if a sound rock bed of capital theory could be developed. 

It is an interesting experience to re-review one's thoughts 
from time to time. The present author reviewed the special issue 


of the Journal of Business devoted to "Capital Budgeting", in 


the 1956 Spring Number of The Engineering Economist. At that 


time, most critical comments were directed toward certain 
methodological aspects of capital budgeting that appeared central. 
My central focus was then one of concern for a behavioral knowl- 
edge of decision making in the reaim of capital investment. My 
focus has now shifted: I would plead for major assaults upon the 
theoretical problems. Managers should know what they ought to 

do rather than what they do do. 


Ezra Solomon has edited a book entitled The Management of 


Corporate Capital. In it, he has gathered together some twenty- 


two essays, seven of them from the special issue of the Journal 


of .Business, referred to earlier. He has organized these 


articles under five major headings: 


I. Introductory Comments 
Measuring Investment Worth 
he Cost of Debt and Equity Funds 
General Solutions to Optimal Investment Decisions 


Special Aspects of Capital Measurement 


*EZRA SOLOMON: The Free Press. Glencoe, I1l., 1959. $7.50. 
327 pp. | 
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His focus is upon the problem of what corporate managers 
ought to do, and I am of the opinion that the greatest service 
he has performed is to show us that we really cannot tell 
businessmen what they ought to do. There are, despite comments 
to the contrary, wide differences of opinion among experts in 
the field, relating, for example, to the specific ways we ought 
to rank alternatives, ought to evaluate alternative investment 
opportunities, ought to deal with both period and multiperiod 


cash-fiow constraints, ought to value one means of financing as 


opposed to another. Anyone interested in the problem of capital 


budgeting ought to read, very carefully, all of the essays in this 
book. From such a reading, one gets an insight into the state 
of the art, and art it is in most spots. 

In the article that follows, I shall follow Solomon's 
organization, commenting upon each article therein as I do so. 
In this way, it will be possible to convey, to the reader of this 


review, a compressed picture of the contents of this most valuable 


collection. 


INTRODUCTORY COMMENTS 


The editor, Ezra Solomon, has written an introduction in 
which he has attempted to weave together the main threads of the 
collection. He emphasizes that a systematic approach to 
corporate-capital decisions has these prerequisites: (1) a 
correct formulation of long-run goals; (2) a suitable framework, 
within which relevant information, on all available courses of 
investment and financing action, can be assembled; and (3) a set 
of decision processes for the selection of actions which will 
lead to chosen goals. He argues that the essays deal with the 
last point, and that it is there that most conceptual difficulties 
lie, and unresolved issues persist. 

If the last point embraces all the problems of model 
building and theory construction, I agree that it is more im- 
portant than the other two, but I would argue that in very few 
places, either in the economics or business literature, has point 


(1) been framed carefully enough to generate insights that would 
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lead us to build appropriate dynamic capital models. It is one 


of my major contentions that only when we learn to do this, will 
fundamental differences of opinion, obvious under point (3), 
dissolve. 
He specifies that: 
(1) The goal of capital management is to maximize long- 
run earnings for present stockholders. 


(2) Systematic capital decisions require a central 
review. 


(3) Major interest should be devoted to creating 
opt imal investment- and financing-decision 
criteria. 


He notes that there are areas of general agreement: 
(1) Cost of capital and cash-flow estimates are needed 
for routine evaluation. 


(2) Correct procedure for selection is the discounted- 
cash-flow approach. 


(3) Funds supplied by owners have (opportunity) cost. 
(4) A proposal's rate of return must exceed the 
company's cost of capital, to be acceptable. 
He goes on to note problem areas and unsettled issues. 
These comments should stimulate inquiry into the nature of the 


capital theory problem. 


MEASURING INVESTMENT WORTH 


Joel Dean's "Measuring the Productivity of Capital" was a 
wise selection, given the predispositions of the editor. Dean, 
the most well-known advocate of the present-worth approach, 
discusses first the components of a capital-expenditure 
management program and then the common fallacies frequently 
emphasized by persons who resist the use of the discounted-flow 
method. He ends his discussion with a description of the 
discounted-cash-flow method. As usual, Dean is both lucid and 
convincing. 


Horace Hiil discussed five interesting numerical illustra- 


tions, in his article, "A New Method for Computing Rate of 


Return on Capital Expenditures". His principle technique is to 
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cash flows, to see how answers 


solicy of capitalization under average- 
book method and investor's method. 


Varying policy of amortization. 
Varying patterns of cash receipts. 
Varying salvage value. 


e-operating investment. 


primary interest was to see whether relative and absolute 
Llaty were higher for the average-book method or the in- 
(discounted-cash-flow) method. He concluded that the 
uethed was better on both counts. 
second look at Gordon's "The Payoff Period and the Rate 
of Profit", which appeared in the special issue of the Journal 


of Business, brought up a point of major importance which I did 
not emphasize i my original comments. Gordon developed his 
mathematics with an assumption that is highly restrictive. He 
assumed, throughout, that earnings before depreciation were con- 
Stant through time Within the framework of his assumptions, he 
is correct throughout, but his major conclusions must be tempered 
by the meaning of restraining condition. 

"Three Problems in Rationing Capital", written by Lorie and 
Savage, was a3 provocative upon re-reading as it was initially. 
It is my opinion that they should have emphasized a point in 
their article that they did not. They made a real contribution 
to an evolving theory of dynamic constraints and capital budget- 
ang, and they emphasized the value of the method. It is this 
reviewer's opinion that they should have given equal consideration 

fact that the discounted-cash-flow method gives ambiguous 

results under certain kinds of cash-flow conditions. They em- 
phasized high terminal costs. I would have chosen high initial 
costs, which are really the heart of the research and development 
problem. The fact of the matter is that there are some conditions 
where the legic of the discounted-flow method faiters. It is 


unimportant whether the illustrations are "realistic" or not; the 


fact is that ambiguity suggests inadequacy of basic theory. 
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Alchian performed a real service when he discussed Fisher's 
and Keynes' ideas for us in "The Rate of Interest, Fisher's 
Rate of Return over Cost and Keynes' Internal Rate of Return". 
Fisher's works, as they apply to the field of capital budgeting, 
have been neglected, and it is a loss to managerial economics. 
Alchian clarifies the concepts of rate of return and internal 
rate of return in an article that is written for economists. 

Romney Robinson, in referring to Alchian's article in his 
"Comment", brings up a point of central importance. He notes 
that no comparison of alternatives can properly be made without 
introducing a chain adjustment cver infinite time. He also 
suggested that the problem of reinvestment is central to the 
problem of evaluation. This comment begins to strike at the heart 
of the dynamical problem. 

Solomon's "The Arithmetic of Capital-Budgeting Decisions" 
is designed to explore the characteristics of the rate-of-return 
approach and the present-value approach. As in previous articles, 
the question of reinvestment comes up, but in the traditional 
way. Errors in dealing with reinvestment lie in the fact that 
most authors, Solomon included, think of reinvestment after, 
rather than during, the life of the equipment. Solomon ends with 
a defense of the discounting-of-future-streams method, with an 


assumption that dual rates of return arise only with curious 


This is a pragmatic rather than a theoretical de- 


Renshaw's "A Note on the Arithmetic of Capital Budgeting 
Decisions" is a defense of the Lorie and Savage position that 
ambiguity in the discounted-cash-flow method can develop. He 
brings up the question of how budget restraints act to modify 
investment behavior, and notes that reinvestment potentials are 


a function of current investment decisions. 


THE COST OF DEBT AND EQUITY FUNDS 


Durand's article, ‘Cost of Debt and Equity Funds for Business: 
Problems of Measurement", was a good choice to introduce the reader 


to the problems of measurement, in this very complex field of 
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investment evaluation. Basically, Durand looks at the following 
problem: 
If a group of investments, ali with different 

rates of return, are availiable at a given time, and 

the only way to take advantage of them is to obtain 

outside funds, should the company sell bonds, issue 

»sck. or borrow in some other way? 

He then quickly leads us o the problem of security 
appraisal. which he deems to be central to the problem of study- 
ing leverage le develops. for further study, the characteristics 
of two methods: > Net-Operating-Income Method and the Net-~Income 
Method. In his discussions of valuation, he seems to be dis- 
cussing two separate problems: the going-concern vaiue and the 
sales value. He regards them as essentially similar. 

Clay Anderson and Martin Davenport add comments to Durand's 
paper that are penetrating and clarifying. While there are 
differences of opinion cf some import, all are generally agreed 
that investment valuation must concern itself with problems of 
return on (owner's) investment and optimal financial planning 
(leverage problem). 

Solomon's "Measuring a Company's Cost of Capital" shows, in 
a step-by-step fashion, how a supply schedule can be built up for 
investment funds. This article is one of the few that actually 
contrast equity and debt financing squarely, and get into the 
problem of leverag im a straightforward way. For a clear insight 
into the problem of c of capital and leverage, this essay must 
be read. 

It is perhaps unfortunate that Gordon and Shapiro entitled 
their article "Capital Equipment Analysis: The Required Rate of 
Profit". It would have been better if they had indicated that 
they were dealing with the problem of growth in the value of 
equity. Using straightforward mathematical notation, they de- 
veloped a formula linking the rate of profit, at which a share of 
common is selling, te the dividend yield and the expected growth 
rate of dividends. It would have been interesting to see if the 


facts of the market place could have been explained by resort to 


the theoretical formulation. The essay brought out clearly the 
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fact that there may be ways to study how to decide optimum 
dividend policy and optimum flotation level. 
The most interesting and thought-provoking article in the 


collection is "The Cost of Capital; Corporation Finance and the 


Theory of Investment", written by Franco Modigliani and Merton 


Miller. It would be difficult to communicate, to the reader of 
this review, the pleasure that one gets when an argument, 
buttressed with logic and illustration, evolves into a position 
that is unusual and sound. Such is the case in this article. 
Starting with the assumptions of a static, perfect, capital 
market, they finally present empirical evidence that suggests 
that their theory may be applicable in a dynamic imperfect one. 
The authors never went this far, perhaps because they felt their 
evidence was quantitatively inadequate (which it was), or perhaps 
because they felt it presumptious to go too far. But by any count, 
this is a most valuable contribution to the theory of capital 
investment. 

The major points of this article can be summarized in the 


form of these propositions: 


(1) The average cost of capital to any firm is com- 
pletely independent of its capital structure and 
is equal to the capitalization rate of a pure 
equity stream of its class. 


(2) The expected yield of a share of stock is equal 
to the appropriate capitalization rate p, for 
a pure equity stream in: the class, plus a 
premium related to financial risk equal to the 
debt-to-equity ratio multiplied by the spread 
between p, and the interest rate on borrowed 
capital. 


(3) The cut-off point for investment in the firm will 
in all cases be p,, the appropriate capitaliza- 
tion rate, and witl be completely unaffected 
by the type of security used to finance the in- 
vestment. 

Needless to say, these three propositions are contrary to 
the beliefs of many security analysts, business finance managers, 
and capital theorists. Further, Modigliani and Miller argue 
that the propositions provide operational guide lines. David 


Durand, an expert in security analysis and in the operations of 


‘ 
7 
& 
5 
Bis 
at 
be 
Saw 
. 
ha 


48 


the stock and money markets, leveled a significant attack upon 
the propositions. He granted, correctly, that the analysis was 
proper within the confines of the Modigliani-Miller static, 
perfect market formulation, but that the authors erred when they 
suggested that the findings offered aid and assistance to 
operating managers. Durand, in his "The Cost of Capital in an 
Imperfect Market", used the devices of complex real-life 
Situations, sufficiently simplified, to bring out major points 


and to reduce trivia to oblivion. His point of departure was to 


question the implicit assumptions of market transparency and a 


Single-stage link between the potential borrowers and lenders. 
Modigliani and Miller did write a rejoinder to Durand's 
attack, but it was not included in the collection, due to publi- 
cation timing. In it they developed two major counter arguments: 

first, they disagreed with Durand's handling of statistical 
evidence, wherein he showed a relationship between capital struc- 
ture and cost of capital; secondly, they agreed that the static 
formulation was inadequate, but that it was necessary to under- 
stand the statics before the dynamics. They are preparing an 
article on the dynamics of capital theory. It will be most 


interesting to see what develops. 


GENERAL SOLUTIONS TO OPTIMAL INVESTMENT DECISIONS 


Using the traditional isoquant approach, Jack Hirshleifer, 
writing "On the Theory of Optimal Investment Decision", draws out 
some extremely important points of theoretical interest. He 
argues that the works of Irving Fisher have been neglected too 
long, to the loss of theory in capital budgeting. 

In the early part of his article he utilizes a two-period 
formulation, and studies the implications of Fisher's contributions. 
Elaborating upon Fisher at a later point, he concludes that: 
first, under some conditions the borrowing rate is the proper 
rate to use in evaluation of investment alternatives, the lending 
rate is appropriate in others, and neither is proper in still 
others; secondly, under some conditions the present-value rule 


is proper, under others, the rate-of-return rule is proper, under 
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still others, neither. His article is conceived with specify- 
ing conditions when various combinations apply. For persons 
interested in the application of a well-known method of economic 
analysis to the field of dynamic capital theory, this article 
should be read. 

The Charnes, Cooper and Miller article,entitled, "Application 
of Linear Programming to Financial Budgeting and the Costing of 
Funds", was, to this reviewer's mind, a good article to include 
in this collection, even though it dealt very tangentially with 
the problem of optimal allocation of funds to alternate invest- 
ment opportunities. 

It was proper to include it, because it deals with a set of 
techniques that will become increasingly important to finance 
managers over the years. The article's substantive illustration 
is built up around the well-known "warehousing problem". The 
authors perform a real service when they discuss, in a very 


straightforward and understandable way, the primal and dual 


methods of the formulation of a linear-programming problem. They 


develop their major discussion points around the difficult notions 
of the dual variables. 

The burden of the discussion is carried by a numerical 
example. This was very unfortunate. There is no easy way for 
the reader to solve the various parts of the illustration himself, 
and, as a result, the illustration falters. It would have been 
far better if the authors had developed their major conclusions 
more succinctly, and had merely presented them. Their illustra- 
tions, employing the use of relaxation methods upon the dual 
formulation, are penetrating and fascinating, but a great deal 
was lost by having too much bulk (26 pages, double columns) and 
too much numerical detail. Furthermore, the warehousing illus- 
tration is not a particularly familiar one to persons interested 


in capital budgeting. 


SPECIAL ASPECTS OF CAPITAL MEASUREMENT 


This section is composed of six articles, four of which 


appeared in the special issue of The Journal of Business. 
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Gordon Shillinglaw has two articles in this section: "Residual 
Values in Investment Analysis" and "Profit Analysis for Abandon- 
ment Decisions". The author's major emphases in each of the 
articles are: first, concern with the problems of collection of 
needed information from company records, for use in the study of 
decision problems; and, secondly, concern for the influence of 
taxes upon decision problems. The articles are phrased well and 
are right to the point. Both articles dealt with their subjects 
without resort to mathematics. The non-mathematically-oriented 
reader can get a great deal out of these articles; the mathemati- 
cally-oriented reader can get insight into the problems of data 
collection. 

"Capital Expenditure Management", by Horace Hill, takes us 
through a hypothetical life history of an investment proposal. 
Frank E. Norton, in his "Administrative Organization in Capital 
Budgeting", writes about the organization as an information system. 

Dean and Smith take a very searching look at the MAPI methods 
in their "Has MAPI a Place in a Comprehensive System of Capital 
Controls?" In the first section, they state that "The central 
problem of capital budgeting is the choice of a criterion of 
capital productivity to measure the value of individual investment 
proposals." They argue that the MAPI system offers such an index. 
In the following sections, they describe the MAPI system and its 
relationship to conventional measures of capital value, examine 
the possibility of integrating the MAPI system into a company- 
wide capital-budgeting program, consider and evaluate the MAPI. 
system as the sole basis for a capital-budgeting program. They 
conclude that MAPI has serious limitations. Many informed people 
concur. 

But in a way, Smith and Dean have been unfair. They have 
created a straw man and demolished it. Terborgh, in his "Some 
Comments on the Dean-Smith Article on the MAPI Formula", argues 
that the system was designed only to apply to replacement-type 


analyses. It is apparent, from Dean's many articles, that he 


would deny the existence of a pure replacement-type problem. They 


are bound to disagree. But this fundamental disagreement augurs 
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51 
in a more significant problem: Why do inconsistences exist both 
in MAPI and in the discounted-cash-flow mechanisms? The answer 


is simple. There is inadequate theory. 


EPILOGUE 


It is always incumbent upon a reviewer to give an over-all 


opinion of merit or demerit. I do not hesitate to do so. Anyone, 
seriously interested in a review of the present state of the 

art, should buy and read the contents of this collection thorough- 
ly. One will be left with a feeling of intellectual elation, 

upon completing it, because its message is crystal clear: Much 


remains to be done! 


BACK ISSUES OF THE ENGINEERING ECONOMIST 


The presently available back issues of The Engineering 
Economist are Volume 4, Numbers 3 and 4, and Volume 5, Numbers 
1 and 2; and (in limited sup: .y) Volume 2, Number 2, and 
Volume 3, Numbers 1, 3, and 4. 


A microfilm copy of the complete set of Volumes 1 through 
4 may be obtained from University Microfilms, Inc., of 313 North 
First Street, Ann Arbor, Michigan. The price is $5.50 the set. 
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"CHEMICAL ENGINEERING ECONOMICS" * 
A Review 


By 


David R. Boylan 
Iowa State University 


This book presents an excellent summary of economic 
features of the chemical industry. The authors have maintained 
their usual fine style of writing, and the book could well be 
required reading for chemical engineers. 

The title is somewhat misleading, as it may imply that 
chemical engineering economics is something different from 
other kinds of economics. ‘That this is not true is evident in 
the book; and the book is really an application of sound economic 
principles to the chemical engineering field, a treatment most 
needful. 

In the preface, the authors disclose that the book has been 
written to "be helpful in undergraduate instruction", and that 
it also was planned to consider "the needs of the young practi- 
tioners". There is no indication at what level of undergraduate 
instruction the book was intended, nor to what specialty, if 
any, of the young practitioner, it might appeal. As a textbook 
for Chemical Engineering Design, it offers little. On the other 
hand, as a broadening influence on the beginning undergraduate, 
it has considerable merit. The text and examples are well written, 
and make easy reading. The coverage of the book is broad but 
not deep. 

Its most serious limitation, for textbook purposes in under- 
graduate instruction, is the rather light treatment of pre- 


construction economics. Estimation before plant start-up is one 


of the most significant roles the chemical engineer plays, and 


methods and techniques applicable to this role are sorely needed 


*CHAPLIN TYLER and C. H. WINTER, JR.: ‘Fourth Edition. Mcaraw- 
Hill Book Company, New York, 1959. 192 pp. $7.00. 
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in present-day instruction. The role of the chemical engineer 
in this area remains unchallenged by the professional 
accountant, who has neither the technical insight, nor the 
gambling spirit, to effectively marshal meager economics into 
major decision-making estimates. As written, the book appeals 
mainly to those who would gain a better understanding of 
existing plant economics and of the intricate and interrelated 
accounting and costing procedures available. 

The first chapter presents the characteristics of the 
chemical industry. Of the ten pages devoted to this most im- 
portant subject, two and one-half pages are taken up with a 
listing of ninety-six chemicals. It is doubtful that the list 
will ever be reviewed item by item, and the space could more 
appropriately have been used to dwell upon the dynamic position 
ef chemicals in industry. There is a wealth of material avail- 
able, regarding the characteristics of the industry, that could 
be used to amplify this section. 

Chapter Two seems also to be a short treatment of an im- 
portant segment, and could have been improved by the inclusion 
of the organizational structures of some real companies, parti- 
cularly du Pont. 

The cost accounting in Chapter Three introduces the elements 
of mill costs, selling costs, administration costs, technical 


costs, and transportation costs. The "mill" cost would have 


been more easily recognized by the term "production cost", which 


is generally used. The organization of the mill-cost estimate, 
on page 37, would be improved by a listing of the various cost 
elements, under the broad basic divisions: raw materials, labor, 
services, maintenance, packaging, and indirect costs. This would 
eliminate the appearance of a random array of cost elements, and 
allow the student to enter, under the basic divisions, any 
special cost element peculiar to a particular process. The .in- 
vestment and earnings return tabulations are treated mainly from 
an operating-plant position, which reflects highly of rigorous 
accounting format, but they are not directly applicable to pre- 


construction estimates, The idea introduced at the bottom of 
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page 39, for rate of return on investment, is good in that it 
suggests a series of returns calculated for various earnings, 
which will give the student an appreciation of this relation- 
ship, not obtained by a single calculation. 

The chapter on financial analysis is adequately treated, for 
the purpose of the book, and covers, by good example, the sig- 
nificance of return on investment. In addition, the short 
treatment of profitability is quite appropriate. Some of the 
other chapters, pertaining to the general subject of economics in 
the chemical industry, would be improved by the careful treatment 
used in this chapter. 

The balance of the book presents material which is, in 
essence, subsidiary to the title, although it does have direct 
relation to economics. A good portion of this section of the 
book is functional in nature and describes some of the fields in 
which the chemical engineer works. It can easily be shown that 
all of these fields are a part of the total economic picture, and 
the authors have done this in an acceptable manner. The short 
treatment of some of these latter chapters, such as that on 
Marketing Research, leaves little to direct the young engineer in 
this area, but does present some terms with which he should be 
acquainted. Process Development and Project Engineering have, 
of course, been very adequately treated in other books. Presenta- 


tion here accomplishes nothing new except to establish, clearly, 


the relationship between this engineering activity and the over- 


all economic picture. Again, details of procedure are lacking. 
Chapter Nine presents examples of the application of economics 

to the chemical plant, which are worth the price of the whole 

book. The development of the economics for the complete plant 

is especially well done, and can be commended highly. The flow 

sheet presented on page 154, however, shows little attention to 

proper presentation, as a drawing, and defeats other attempts 

toward clear and easily-read flow sheets. In this connection, 

the general presentation in Chemical Engineering should be noted. 
The book reflects the maturity of Mr. Tyler, and his ex- 


perience in one of the largest chemical enterprises in the world. 
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The material undoubtedly covers salient points deriving from 


Mr. Tyler's background of professional activities, and can be 


judged of real value to the over-all development of the indivi- 


dual. The value of the material for instructional purposes in 


specific areas, such as design, is, however, limited. The book 


is recommended for freshmen or sophomore courses, as introductory 


or survey material, not as a textbook for senior use. 
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"PRINCIPLES OF ENGINEERING ECONOMY" * 
A Review 


By 
William T. Morris 
The Ohio State University 


Those interested in the classic course in Engineering 
Economy will be pleased to find that perhaps the outstanding 
text in the field has been brought to a fourth level of refine- 
ment. Refinement is, after all, what one would expect; for such 
a useful text is unlikely to undergo drastic fundamental re- 
visions. Grant, now writing with W. Grant Ireson, points out 
that the Fourth Edition has been extensively rewritten, but that 
"its underlying philosophy remains the same". Some of the 
changes, in emphasis and content, are indicated in the Preface, 


permitting the seasoned user to adapt himself readily. Some of 


these changes are: 


(1) The use of cash-flow diagrams to clarify interest 
calculations. 


(2) Increased emphasis on the problem of capital 
budgeting. 


(3) Addition of interest tables for the present worths 


and equivalent uniform annual series for uniform 
gradient cash flows. 


(4) Earlier stress on the importance of tax considerations. 


There are other similar changes. 

This book has been, and continues to be, a fine instance of 
teaching through the use of examples. Each point is carefully 
illustrated with one or more instances, developed in detail. It 
is also admired, by many, for its thoroughness. It manages to 
touch upon a great many points, and leaves the student with very 


few loose ends. 


The new edition makes its bow to Operations Research with a 


*EUGENE L. GRANT and W. GRANT IRESON: Fourth Edition. The 
Ronald Press Company, New York, 1960. 574 pp. $8.00. 
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paragraph on Suboptimization and Systems Analysis, on page 10, 
and returns to this idea for an example on page 203. Operations 
Research is characterized, on page 230, as the source of a number 
of multiple variable problems. The term "model" is used, but 
does not figure prominently in the discussion. 

Very close to 25% of the space, in the body of the text, is 
devoted to the topic of interest and its use in Engineering 
Economy. Mnemonic symbels for the interest factors are intro- 
duced, following the usual "easy" derivations of these factors. 
The subject of continuous compounding is opened, but quickly 
closed again, aithough the formulas are given in an appendix. 
Little notice is taken of the analytic benefits cf dealing with 
time as a continuous variable. "Irreducibles" are given their 
traditionally slim attention. 

Statistics and probability theory are mentioned in the 
Chapter entitled "Dealing with Uncertainties in Forecasts", but 
after a few pases the authors declare (p. 267) that "An exposition 
of the subject of the mathematics of probability in relation to 
the making of decisions is beyond the scope of this book; an 
entire book longer than this one would be needed for an adequate 
treatment of this complex topic." Important material has been 
added, dealing with sensitivity analysis and the significance of 


price changes. This is perhaps a high point in the Fourth 


Edition. Chapter 15 presents a very complete treatment of taxes. 


In the Third Edition there was a Chapter entitled "Some 
Theoretical Aspects of Replacement Economy", which seemed to 
warn the student that the chapter was not as practical as the 
rest of the book. This title is gone, and the MAPI Analysis 
which followed it has now been removed to an appendix. 

Clearly one can find little "wrong" with this book, and dis- 
cussions of it must resolve around the endless differences in 
viewpoint and emphasis, in its present and potential uses. Some 
of these discussions will perhaps include the following points: 

(1) Is the pace such as to maintain the students' 

enthusiasm? 


(2) Is compound interest such a complicated topic as 
to require sc tender a presentaticn? 
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(3) 


(4) 


(5) 


Is use being made of the engineering student's 
mathematical background? Many students, 
particularly in Industrial Engineering, are now 
trained in Probability Theory and Statistics. 


Does it leave the reader with the impression that 
Engineering Economy is basically the substitu- 
tion of given numbers into interest formulae? 


Does it reflect the way in which Engineering 
Economy is progressing? 


Whatever one's views on such questions, this work must 


recognized as a model in the field of textbook making. 
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"INVESTMENT IN INNOVATION" * 
A Review 


By 


W. Paul Strassmann 
Michigan State University 


In the early 1950s, Professor C. F. Carter, of the Queen's 
University of Belfast, and Professor B. R. Williams, of the 
University College of North Staffordshire, both economists, were 
asked by the Science and Industry Committee of Britain to direct 
an extensive investigation of the "factors which determine ... 
the speed of application of new scientific and technical knowl- 
edge". After two World Wars, it had become clear that Britain 
could import the yield of foreign mines and croplands only by 
exporting the yield of science and brains. Yet widespread 
sectors of British industry seemed to be technologically lagging, 
in spite of the distinguished record of British scientists. 
Indeed, "Britain invents and foreigners apply" was an old saying. 

Carter's and Williams' assignment had an immediate and 
practical purpose: What public policy can accelerate technologi- 
cal progress? But the problem had its perplexing aspect. Any 
government subsidy to schools, laboratories, and progressive 
firms might be inflationary. In the crucial export markets, 
therefore, rising prices, through inflation, might offset rising 
productivity through investment in innovation. 


The two books here reviewed are thus complementary dis- 


cussions of a single, complex problem. Industry and Technological 


*C. F. CARTER and B. R. WILLIAMS: Oxford University Press, 
London, 1958. 167 pp. Index. 15 shillings. 

Industry and Technological Progress, also by C. F. Carter and 
B. R. Williams (Oxford University Press, London, 1957. 244 pp. 
Index. 25 shillings.), was reviewed by John H. Norton in Vol. 
5, No. 2, The Engineering Economist. In reviewing Investment in 
Innovation, Professor Strassmann decided that, since the two 
books were the product of a single research project, it would be 
desirable to make frequent reference to the earlier book. 
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Progress investigates the characteristics of progressive firms 
and industries, and how to induce these characteristics; 


Investment in Innovation explores the mutual interaction of 


expenditures on technological change, with broad national 
economic problems and policies designed to alleviate them. This 
division of labor between the two books does not mean that 


Investment in Innovation is an exercise in aggregative economics. 


On the contrary, the authors insist that "Businessmen are, after 
all, human beings with minds and wills of their own, with their 
own preferences and oddities, with their own ways of influencing 
each other; they -are not, like the molecules of a gas, similar 
objects dancing about and colliding in a random manner." Carter 
and Williams felt compelled to integrate the microeconomic con- 
Siderations of the first book in the second, because they believe 
that the decision to spend on research and development is "the 
prime mover in the creation of investment opportunities", and 
that other economic variables must be appraised in terms of their 
effect on such decisions. 

Both books are based on 152 "usable" case studies of firms: 
on industry case studies of pottery, jute, cutlery, and paper; 
and on case studies of specific innovations -- the tunnel oven, 
tower crane, ion-exchange resins, silicon iron, shell moulding, 
and the Raper Autoleveller. This information is thoroughly 
supplemented by references tc other investigations, census data, 
and the like. The generalizations derived are never doctrinaire, 
but tentative and cautious, with repeated emphasis on the com- 
plexity of problems and variety of situations. Both books 
emphasize a particular quality of management, as the most funda- 


mental characteristic of a technologically progressive firm. 


Few readers will be surprised that this quality is not the 


ability to manipulate creditors, debtors, stockholders, and 

others, shrewdly and aggressively, but rather "scientific literacy", 
so that "communication may be swift and effective along an un- 
broken chain of receptive firms". According to the case studies, 
there is "a clear correlation between secrecy and unprogressive- 


ness"; and the rate of absorption, by manageuient, of techno- 
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logically novel, profitable ideas from outside the firm, as well 
as from its own research departments, depends less on ingenious 
organization of firm and industry than on the technical insight 
of managers. This emphasis on the technical education of 
management does not mean that economic training should be 
slighted. On the contrary, management must appreciate when too 
many of the firm's resources have been allocated to research and 
development, and to what extent "wise and planned wastage" of 
ideas is part of a successful development program. But the 
emphasis of Carter's and Williams' books is on the complemen- 
tarity of scientific ideas, and therefore on communication, and, 
above all, education. They find that "the most harmful mis- 
direction of scientific manpower" is not the "loss of scientists 
to administration", which is often desirable, but "without doubt 
the starving of the schools (and to a lesser extent of the 
technical colleges). The authors' conclusion is not that British 
science and application are out of proportion to each other, but 
that both are out of proportion to the needs and opportunités of 
the national economy. 

It is interesting to note the factors which, according to 
the authors, do not greatly matter. No striking evidence was 
found of the deliberate suppression of knowledge, due to mono- 
polistic restrictions. Technological progress can be expected, 


ceteris paribus, if an industry is growing and has "a favorable 


balance between safety and competition". It is doubtful that 
Britain, perhaps unlike the United States, suffers from "defensive 
patenting". No evidence was found that restrictive practices on 
the part of labor are a serious hindrance to technical advance. 
Nor were government controls a serious influence, and none of 


the case studies indicated a direct disincentive effect due to 


high taxes or interest rates. Risk and uncertainty were of com- 


paratively little importance, because many innovations "fell into 


the class of decisions for which the reasons are ‘obvious’ and 
money estimates are hardly thought necessary". Many of these 
findings are at variance with theories of well-known economists, 


a matter which is further explored in an appendix to Investment 
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in Innovation. 


Common to both books are careful definitions, ingenious 


classifications, scholarly restraint in generalization, and in- 
teresting specific cases, particularly comparisons with the 
United States. The authors hint that other studies of techno- 


logical change may be forthcoming. Readers of Industry and 


Technological Progress and Investment in Innovation will look 


forward to their publication with enthusiasm. 
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PART III 
AN EXTENSION OF AVAILABLE INTEREST TABLES 


By 


R. O. Swalm 
Syracuse University 


The interest tables which are presented on the following 
pages are a continuation of those which were published in 


Volume 5, Number 2 (Part I) and in Volume 5, Number 3 (Part II). 


Part I included, in addition to tables, introductory material, 


examples of the uses of the tables, and derivations of the 


equations on which some of the less commonly found tables are 


based. The calculations for all of the tables were performed 


in the Syracuse University Computing Center, using an IBM 650 
machine, and the work was partially supported by a grant from 
the National Science Foundation. 

At a later date, the complete series will be published in 
reprint form, together with the introduction. Announcements 


concerning the reprint will appear in the journal. 
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Present Worth - Constant Steady Stream 


Instantaneous Compounding 


2% 4% 67% 87% 10% 


0.0832 0.0832 0.0831 0.0831 0.0830 
0.1664 -1661 0.1658 0.1656 0.1653 
0.2494 -2488 0.2481 0.2475 0.2469 
0.3322 -3311 0.3300 0.3289 0.3278 
0.4149 -4132 0.4115 0.4098 0.4081 
0.4975 -4950 0.4926 0.4901 0.4877 


0.5799 -5766 0.5732 0.5699 0.5666 
0.6622 -6579 0.6535 0.6492 0.6449 
0.7444 -7389 0.7334 0.7279 9.7226 
0.8264 -8196 0.8128 0.8062 0.7996 
0.9083 -9001 0.8919 0.8839 0.8759 


0.9901 - 9803 -9706 0.9610 0.9516 
1.235 1.219 1.204 1.190 1.175 
1.478 1.456 1.434 1.413 1.393 
1.720 1.690 1.661 1.633 1.605 


1.961 1.922 1.884 1.848 1.813 
2.200 2.152 2.105 2.059 2.015 
2.439 2.379 2.322 2. 266 2.212 
2.676 2.604 2.535 2.469 2.404 


2.912 2.827 2.745 2.667 2.592 
3.147 3.048 2.952 2.862 2.775 
3.380 3.266 3.157 3.053 2.953 
3.613 3.482 3.358 3.240 3.127 


3.844 3.696 3.556 3.423 3.297 
4.074 3.908 3.751 3.603 3.462 
4.303 4.118 3.947 3.779 3.624 
4.531 4.326 4.133 3.952 3.781 


4.758 4.532 4.320 4.121 3.935 
4.984 4.735 4.504 4.287 4.084 
5.208 4.937 4.685 4.450 4.231 
5.432 5.137 4.863 4.609 4.373 


5.654 5.334 5.039 4.765 4.512 
6.532 6.105 5.716 5.360 5.034 
7.393 6.846 6.354 5.909 5.507 
8.236 7.558 6.954 6.416 5.934 
9.063 8.242 7.520 6.883 6.321 
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0.0829 0.0828 
0.1650 0.1647 
0.2463 0.2457 
0.3268 0.3257 
0.4064 0.4047 
0.4853 0.4829 
0.5634 0.5601 
0.6407 0.6365 
0.7172 0.7120 
1 0.9423 0.9332 
1.161 1.147 
1.373 1.353 
2 1.778 1.744 
1.972 1.930 
2.160 2.109 
2.342 2.282 
3 2.519 2.450 
2.691 2.611 
3.028 2.917 
4 3.177 3.063 abe 
3.329 3,203 
3.477 3.339 
3.620 3.469 
‘a 5 3.780 3.596 
3.895 3.718 
4.026 3.836 
4.154 3.949 
6 4.277 4.059 
7 4.736 4.462 
10 5.823 5.381 


Present Worth - Constant Steady Stream 


16% 


0.0828 
0.1645 
0.2451 
0.3246 
0.4031 
0.4805 


0.5569 
0.6323 
0.7067 
0.7802 
0.8526 


0.9241 
1.133 
1.334 
1.526 


1.711 
1.890 
2.060 
2.225 


2.383 
2.534 
2.680 
2.820 


2.954 
3.084 
3.208 
3.327 


3.442 
3.552 
3.658 
3.759 


3.857 
4.211 
4.512 
4.769 
4.988 


Instantaneous Compounding 


187% 


0.0827 
0.1642 
0.2445 
0.3235 
0.4014 
0.4782 


0.5538 
0.6282 
0.7016 
0.7738 
0.8450 


0.9152 
1.119 
1.315 
1.501 


1,680 
1.850 
2.014 
2.169 


2.318 
2.461 
2.597 
2.727 


2.851 
2.970 
3.084 
3.193 


3.297 
3.396 
3.491 
3.582 


3.669 
3.980 
4.239 
4.456 
4.637 


20% 


0.0826 
0.1639 
0.2439 
0.3225 
0.3998 
0.4758 


0.5506 
0.6241 
0.6965 
0.7676 
0.8375 


0.9063 
1.106 
1,296 
1.477 


1.648 
1.812 
1.967 
2.115 


2.256 
2.390 
2.517 
2.638 


2.753 
2.863 
2.967 
3.066 


3.161 
3.250 
3.336 
3.417 


3.494 
3.767 
3.991 
4.174 
4.323 


25% 


0,0824 
0.1632 
0.2423 
0.3198 
0.3957 
0.4700 


0.5428 
0.6141 
0.6839 
0.7523 
0.8192 


0.8848 
1.074 
1.251 
1.417 


1.574 
1.721 
1.859 
1.989 


2.110 
2.225 
2.333 
2.434 


2.528 
2.618 
2.701 
2.780 


2.854 
2.923 
2.989 
3.050 


3.107 
3.305 
3.459 
3.578 
3.672 


30% 


0.0823 
0.1626 
0.2408 
0.3172 
0.3917 
0.4643 


0.5351 
0.6402 
0.6716 
0.7373 
0.8014 


0.8639 
1.042 
1,208 
1.361 


1.504 
1.636 
1.759 
1.873 


1.978 
2.076 
2.167 
2.251 


2.329 
2.402 
2.469 
2.532 


2.590 
2.643 
2.693 
2.739 


2.782 
2.925 
3.030 
3.109 
3.167 


35% 


0.0821 
0.1619 
0.2393 
0.3146 
0.3877 
0.4587 


0.5276 
0.5946 
0.6596 
0.7228 
0.7842 


0.8437 
1.102 
1.167 
1.309 


1.438 
1.557 
1.666 
1.766 


1.857 
1.941 
2.018 
2.088 


2.152 
2.212 
2.266 
2.315 


2.360 
2.402 
2.440 
2.475 


2.507 
2.611 
2.683 
2.735 
2.771 


40% 


0.0810 
0.1612 
0.2379 
0.3121 
0.3838 
0.4532 


0.5203 
0.5852 
0.6480 
0.7087 
0.7674 


0.8242 
0.9837 
1.128 
1.259 


1.377 
1.484 
1.580 
1.668 


1.747 
1.819 
1.884 
1.942 


1.995 
2.043 
2.087 
2.126 


2.161 
2.194 
2.223 
2.249 


2.273 
2.348 
2.398 
2.432 
2.454 
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Present Worth - Constant Steady Stream 


Instantaneous Compounding 


45% 50% 55% 60% - 65% 70% 


0.0818 0.0816 0.0815 0.0813 0.0811 0.0809 
0.1606 0.1599 0.1593 0.1586 0.1580 0.1573 
0.2364 0.2350 0.2336 0.2321 0.2307 0.2293 
0.3096 0.3070 0.3046 0.3021 0.2997 0.2973 
0.3799 0.3761 0.3724 0.3687 0.3650 0.3614 
0.4477 0.4424 0.4371 0.4320 0.4269 0.4219 


0.5130 0.5060 0.4990 0.4922 0.4855 0.4789 
0.5760 0.5669 0.5581 0.5495 0.5410 0.5327 
0.6366 0.6254 0.6146 0.6040 0.5936 0.5835 
0.6949 0.6815 0.6685 0.6558 0.6434 0.6314 
0.7511 0.7353 0.7200 0.7051 0.6906 0.6766 


0.8053 0.7869 0.7692 0.7520 0.7353 0.7192 
0.9560 0.9295 0.9039 0.8794 0.8558 0.8331 
1.091 1.055 1.021 0.9891 0,9582 0.9287 
1.211 1.166 1.124 1.083 1,045 1.009 


wo oO 


1.319 1.264 1,213 1.165 1.119 1.076 
1.415 1.351 1,291 1.235 1.182 1.133 
1.500 1.427 1.358 1.295 1,236 1.180 
1.578 1.494 1.418 1,347 1,281 1.220 


0 
3 
6 
9 


1.646 1.554 1.469 1.391 1.320 1,254 
1.707 1.606 1.514 1.430 1.352 1.282 
1.762 1.652 1.553 1.463 1,380 1.305 
1.811 1.693 1.587 1.491 1.404 1.325 


1.855 . 1.729 1.617 1.515 1.424 1.342 
1.894 1.761 1.643 1.537 1.441 1.356 
1.929 1.789 1.665 1.555 1.456 1.367 
1.960 1.814 1.685 1.570 1,468 1.377 


1.988 1.836 1.702 1.584 1.479 1.385 
2.013 1.855 1,717 1.595 1,488 1.392 
2.035 1.872 1.730 1.605 1.495 1.398 
2.055 1.887 1.741 1.614 1.502 1.403 


2.073 1.900 1.751 1.621 1.507 1.407 
2.127 1.940 1.779 1.642 1,522 1.418 
2.162 1.963 1.796 1.653 1.530 1.423 
2.184 1.978 1.805 1.659 1.534 1.426 
2.198 1,987 1,811 1.663 1.536 1.427 
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Present Worth - Constant Steady Stream 
Instantaneous Compounding 


75% 807 857% 90% 95% 100% 


0.0808 0.0806 0.0805 0.0803 0.0801 0.0800 
0.1567 0.1560 0.1554 0.1548 0.1541 0.1535 
0.2280 0.2266 0.2252 0.2239 0.2225 0.2212 
0.2949 0.2926 0.2903 0.2880 0.2857 0.2835 
0.3578 0.3543 0.3509 0.3475 0.3441 0.3408 
0.4169 0.4121 0.4073 0.4026 0.3980 0.3935 


Auf 


0.4725 0.4661 0.4599 0.4538 0.4478 0.4420 
0.5246 0.5167 0.5089 0.5013 0.4939 0.4866 
0.5736 0.5640 0.5546 0.5454 0.5364 0.5276 
0.6197 0.6082 0.5971 0.5863 0.5757 0.5654 
0.6629 0.6496 0.6367 0.6242 0.6120 0.6002 


0.7035 0.6883 0.6736 0.6594 0.6455 0.6321 
0.8112 0.7902 0.7699 0.7504 0.7316 0.7135 
0.9005 0.8735 0.8477 0.8231 0.7995 0.7769 
0.9745 0.9418 0.9107 0.8811 0.8530 0.8262 


waw oO 


1.036 0.9976 0.9615 0.9274 0.8952 0.8647 
1,087 1.043 1.003 0.9645 0.9285 0.8946 
1.129 1.081 1.036 0.9940 0.9547 0.9179 
1.164 1.111 1.063 1.018 0.9754 0.9361 


0 
3 
6 
9 


1.193 1.137 1.085 1.036 0.9917 0.9502 
1.217 1.157 1.102 1.051 1.005 0.9612 
1.237 1.174 1.116 1.063 1.015 0.9698 
1.253 1.188 1.128 1.073 1.023 0.9765 


1. 267 1.199 1.137 1,081 1.029 0.9817 
1.278 1.208 1.145 1.087 1.034 0.9857 
1.288 1.216 1.151 1,092 1.038 0.9889 
1.296 1.222 1.156 1.096 1.041 0.9913 


o 


1.302 1.227 1,160 1.099 1.044 0.9933 
1.307 1.231 1.163 1.101 1.045 0.9948 
1,312 1.235 1.165 1.103 1.047 0.9959 
1.315 1.237 1.168 1.105 1.048 0.9968 


1.319 1.240 1.169 1.106 1.049 0.9975 
1.326 1.245 1.173 1.109 1.051 0.9991 
1.330 1.248 1.175 1.110 1.052 0.9997 
1.332 1.249 1.176 1.111 1.052 0.9999 
1.333 1.250 1.053 1.000 
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Gradient Factor - Continuous Compounding 


2% 


0.0071 
0.0277 
0.0622 
0.1104 
0.1729 
0.2485 


0.3377 
0.4404 
0.5571 
0.6866 
0.8300 


0.9866 
1.537 
2.205 
2.992 


3.895 
4.913 
6.046 
7.290 


8.648 
10.12 
11.69 
13.38 


15.17 
17. 
19. 
21. 


23. 
25. 
28. 
30.6: 


33. 
44. 
57. 
71. 
87.62 


4% 


0.0069 
0.0276 
0.0621 
0.1101 
0.1717 
0.2466 


0.3350 
0.4366 
0.5513 
0.6792 
0.8200 


0.9738 
1.511 
2.162 
2.923 


3.793 
4,769 
5.849 
7.030 


8.311 

9.690 
11.16 
12.73 


14.39 
16.14 
17.98 
19.90 


21.90 
23.99 
26.15 
28.40 


30.73 
40.75 
51.85 
63.95 
76.94 


6% 


0.0069 
0.0276 
0.0619 
0.1096 
0.1707 
0.2450 


0.3324 
0.4328 
0.5459 
0.6717 
0.8101 


0.9609 
1.487 
2.119 
2.856 


3.694 
4.629 
5.659 
6.780 


7.990 

9.284 
10.66 
12.12 


13.66 
15.27 
16.95 
18.70 


20.52 
22.40 
24.35 
26.36 


28.42 
37.21 
46.78 
56.98 
67.72 


8% 


0.0069 
0.0275 
0.0617 
0.1092 
0.1698 
0.2434 


0.3299 
0.4290 
0.5405 
0.6643 
0.8003 


0.9482 
1.462 
2.078 
2.791 


3.598 
4.494 
5.476 
6.540 


7.682 

8.898 
10.19 
11.54 


12.96 
14.45 
15.99 
17.58 


19.23 
20.94 
22.68 
24.48 


26.31 
34.04 
42.26 
50.87 
59.75 


10% 


0.0069 
0.0275 
0.0615 
0.1087 
0.1689 
0.2418 


0.3273 
0.4252 
0.5351 
0.6570 
0.7906 


0.9358 
1.438 
2.037 
2.728 


3.504 
4.364 
5.300 
6.309 


7.387 

8.530 

9.734 
11.00 


12.31 
13.68 
15.09 
16.54 


18.04 
19.58 
21.15 
22.75 


24.38 
31.16 
38.24 
45.50 
52.85 


Yrs. Mo. = = = = 12% 
0.0069 
0.0274 
0.0613 
0.1082 
0.1672 
0.2402 
0.3248 
0.4214 
0.5299 
0.6498 
0.9235 
1.415 
1.997 
2.666 
2 3.414 
4.237 
5.130 
6.088 
3 7.106 
10.48 
4 11.69 
12.95 
14.25 
15. 
5 16.93 
18.32 
19.73 
21.58 
6 22.61 
7 28.56 
8 34.66 
9 40.78 
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Gradient Factor - Continuous Compounding 


14% 


0.0069 
0.0275 
0.0611 
0.1077 
0.1670 
0.2386 


0.3223 
0.4177 
0.5246 
0.6427 
0.7717 


0.9113 
1.392 
1.958 
2.605 


3.326 
4.115 
4.966 
5.875 


6.836 
7.845 
8.897 
9.988 


11.11 
12.27 
13.46 
14.67 


15.90 
17.15 
18.42 
19,69 


20.98 
26.21 
31.46 
36.63 
41.65 


16% 


0.0069 
0.0273 
0.0609 
0.1072 
0.1661 
0.2371 


0.3198 
0.4141 
0.5195 
0.6357 
0.7625 


0.8995 
1.369 
1.920 
2.547 


3.241 
3.997 
4.809 
5.671 


6.578 
7.526 
8.509 
9.524 


10.57 
11.63 
12.72 
13.82 


14.94 
16.07 
17.20 
18.35 


19.49 
24.08 
28.60 
32.96 
37.11 


0 
0 
0 
0 
0 


0 
0 
0 
0 
0 
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14. 


15 
16 
17 


18 
22 
26 
29 
33 


18% 


. 0069 
0606 
1068 
1652 
- 2355 


3174 
4104 
-6288 
-7533 


.8877 
-347 
.883 
-489 


158 
.883 
-657 


- 140 
084 


-05 
- 03 
.03 
-03 


04 
06 
08 


-13 
L6 
04 
16 


207% 


0.0069 
0.0272 
0.0605 
0.1063 
0.1643 
0.2339 


0.3149 
0.4068 


- 0.5093 


0.6219 
0.7443 


0.8762 
1.325 
1.847 
2.434 


3.078 
3.772 
4.510 
5.286 


6.095 
6.931 
7.790 
8.668 


9.560 
10.46 
11.38 
12.29 


13.21 
14.13 
15.05 
15.96 


16.87 
20.41 
23.75 
26.86 
29.70 


25% 


0.0068 
0.0270 
0.0600 
0.1051 
0.1620 
0.2301 


0.3089 
0.3980 
0.4969 
0.6051 
0.7223 


-8480 
1.272 
1.759 
2.300 


2.887 
3.511 
4.166 
4.847 


5.547 
6.263 
6.988 
7.720 


8.456 

9.191 

9.924 
10.65 


11.37 
12.08 
12.78 
13.47 


14.15 
16.71 
19.01 
21.04 
22.81 


0.0068 
0.0269 
0.0595 
0.1040 
0.1598 
0.2264 
0.3031 
0.3894 
0.4848 
0.5889 
0.7010 
‘ l 0.8208 
l 1.222 
L 1.676 
2 2.175 
2 3 2.709 
3 3.270 

5 4.449 
3 6 5.056 
8 6.281 
9 6.891 
4 7.497 
8.095 
8.684 
9.261 
5 9.826 
10.38 
if 10.91 
11.43 
bag 6 11.94 
7 13.79 
8 15.37 
9 16.70 
17.80 
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Gradient Factor - Continuous Compounding 


35% 


0.0068 
0.0267 
0.0590 
0.1028 
0.1576 
0.2227 


0.2973 
0.3810 
0.4731 
0.5731 
0.6804 


0.7946 
1.174 
1.598 
2.058 


2.544 
3.049 
3.565 
4.089 


4.614 
5.138 
5.655 
6.165 


6.664 
7.151 
7.624 
8.082 


8.524 
8.951 
9.360 
9.753 


10.13 
11.47 
12.55 
13.42 
14.11 


40% 


0.0068 
0.0266 
0.0585 
0.1017 
0.1555 
9.2190 


0.2917 
0.3728 
0.4617 
0.5578 
0.6606 


0.7694 
1.128 
1.524 
1.948 


2.390 
2.844 
3.303 
3.762 


4.217 
4.665 
5.102 
5.527 


5.938 
6.334 
6.714 
7.078 


7.425 
7.755 
8.068 
8.364 


8.644 

9.612 
10.36 
10.93 
11.36 


45% 


0.0068 
0.0264 
0.0580 
0.1006 
0.1534 
0.2155 


0.2862 
0.3648 
0.4506 
0.5430 
0.6413 


0.7451 
1.084 
1.453 
1.844 


2.247 
2.655 
3.063 
3.466 


3.860 
4.242 
4.612 
4.967 


5.305 
5.628 
5.933 
6.222 


6.493 
6.749 
6.988 
7.212 


7.421 
8.120 
8.635 
9.008 
9.273 


507% 


0.0068 
0.0263 
0.0575 
0.0995 
0.1513 
0.2120 


0. 2808 
0.3570 
0.4398 
0.5286 
0.6227 


-7216 
1.042 
1.387 
1.747 


2.114 
2.481 
2.843 
3.196 


3.537 
3.865 
4.177 
4.473 


4.752 
5.014 
5.260 
5.489 


5.702 
5.899 
6.082 
6.251 


6.407 
6.913 
7.267 
7.511 
7.677 


55% 


0.0067 
0.0261 
0.0571 
0.0984 
0.1492 
0. 2086 


0.2756 
0.3494 
0.4293 
0.5147 
0.6048 


0.6990 
1,001 
1.324 
1.656 


1.990 
2.320 
2.641 
2.951 


3.247 
3.527 
3.791 
4.037 


4.267 
4.481 
4.678 
4.860 


5.027 
5.180 
5.319 
5.447 


5.563 
5.929 
6.173 
6.333 
6.436 


60% 


0.0067 
0.0260 
0.0566 
0.0974 
0.1472 
0.2052 


0.2704 


0.3420 
0.4191 
0.5011 
0.5874 


0.6772 
0.9631 
1.264 
1.570 


1.874 
2.171 
2.457 
2.728 


2.984 
3.224 
3.447 
3.653 


3.842 
4.016 
4.174 
4.318 


4.449 
4.568 
4.674 
4.771 


4.857 
5.122 
5.290 
5.395 
5.459 
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Gradient Factor - Continuous Compounding 


657% 


0.0067 
0.0258 
0.0561 
0.0963 
0.1452 
0.2019 


0.2653 
0.3347 
0.4092 
0.4880 
0.5706 


0.6502 
0.9264 
1.207 
1.490 


1.767 
2.033 
2.287 
2.525 


2.747 
2.952 
3.140 
3.312 


3.468 
3.609 
3.737 
3.851 


3.954 
4.045 
4.127 
4.200 


4.264 
4.456 
4.572 
4.640 
4.680 


70% 


0.0067 
0.0257 
0.0557 
0.0952 
0.1433 
0.1987 


0.2604 
0.3276 
0,3995 
0.4753 
0.5543 


0.6359 
0.8914 
1.154 
1.414 


1.666 
1.906 
2.131 
2.340 


2.532 
2.706 
2.866 
3.010 


3.138 
3.253 
3.356 
3.447 


3.527 
3.598 
3.660 
3.715 


3.763 
3.902 
3.982 
4.027 
4.052 


807% 


0.0066 
0.0254 
0.0548 
0.0932 
0.1395 
0.1923 


0.2508 
0.3140 
0.3809 
0.4510 
0.5233 


0.5975 
0.8258 
1.054 
1.276 


1.485 
1.679 
1.856 
2.017 


2.161 
2.289 
2.403 
2.503 


2.590 
2.666 
2.732 
2.789 


2.839 
2.881 
2.918 
2.949 


2.976 
3.049 
3.087 
3.106 
3.116 


85% 


0.0066 
0.0253 
0.0543 
0.0922 
0.1376 
0.1893 


0.2462 
0.3074 
0.3720 
0.4393 
0.5086 


0.5793 
0.7951 
1.008 
1.212 


1.403 
1.577 
1.735 
1.876 


2.001 
2.111 
2.206 
2.290 


2.362 
2.424 
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